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CHAPTER 1 



Introduction 

1.1. Historical context and abstract of the thesis 

Nahm transform is a non-linear analog for instantons of the usual 
Fourier transform on functions. It has been extensively studied start- 
ing from the beginning of the 1980 's, inspired by the seminal work of 
M. F. Atiyah, V. Drinfeld, N. J. Hitchin and Yu. I. Manin on a cor- 
respondence (the ADHM-transform) between finite-energy solutions of 
the Yang-Mills equations and some algebraic data (see jT], |l()j). The 
Yang-Mills equations are the anti-self-duality equations for a unitary 
connection on a Hermitian vector bundle defined over R''; their finite- 
energy solutions are called instantons. 

Since then, it turned out that the general picture concerning this 
correspondence is as follows: let X be any manifold obtained as a quo- 
tient of R** by a closed additive subgroup A. The solutions of the Yang- 
Mills equations invariant by A (that are clearly not of finite energy in 
the case A 7^ {0}) can be identified in an obvious manner to solutions 
of a system of differential equations on X, called the reduction of the 
Yang-Mills equations. On the other hand, denoting by (R**)* the dual of 
the vector space R"*, A determines a closed additive subgroup A* called 
the dual subgroup by saying that an element ^ G (R'*)* is in A* if and 
only if ^(A) G Z for all A G A. Hence, we can form the dual manifold 
X* = (R'^)*/A* of X, that also admits a reduction of the Yang-Mills 
equations. Nahm transform is then a procedure that maps solutions of 
the reduced equations on X to solutions of the reduced equations on 
X* bijectively up to overall gauge transformations on both sides. One 
remarks that there is a canonical isomorphism between ((R'^)*)* and 
R'', as well as between (A*)* and A. Therefore, if we start from a solu- 
tion of the reduced equations on X and iterate Nahm transform twice, 
we again get a solution of the reduced equations on X. One important 
property analogous to usual Fourier transform is that in some cases 
the solution we get this way is, up to a coordinate change x 1— *• —x, 
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known to be the solution we started with; that is, Nahm transform 
is (up to a sign) involutive. Moreover, in some cases one knows that 
the moduh spaces of solutions of the reduced equations modulo gauge 
transformations on X and on X* are smooth hyper-Kahler manifolds 
with respect to the metric induced by L^-norm and the complex struc- 
tures induced by R"*; Nahm transform is then a hyper-Kahler isometry 
between these moduli spaces. This is to be compared with Parseval's 
theorem which states that usual Fourier transform defines an isometry 
between L^-spaces of functions. 

Putting A = {0}, one gets X = and A* = R^ so X* = {0}. In 
this case, Nahm transform reduces to the ADHM-transform. There are 
several other examples of Nahm transform in the literature for different 
subgroups of R**; for a nice exposition of these, see the survey paper |14j 
of M. Jardim. In this work, we are concerned with the case A = R^. In 
this case, the base manifold is X = R^, and its dual X* is another copy 
of the real plane that we shall denote by R^. These are non-compact 
manifolds, with compactifications the Riemann spheres CP^ and CP 
respectively. The reduction of the original (Yang-Mills) equations can 
be viewed in two different ways depending on the complex structure 
that we choose: they are the equations defining an integrable connec- 
tion with harmonic metric, or equivalently, those defining a Higgs bun- 
dle with Hermitian-Einstein metric. Now, it turns out that there are 
no smooth solutions on the Riemann sphere of either one of these equa- 
tions except for the trivial ones (c.f. |12j ). However, there are solutions 
having prescribed singularities in some points, and the solutions of one 
equation are still in correspondence with those of the other: this is 
proved by O. Biquard and Ph. Boalch in We establish, under some 
hypotheses on the singularity behavior, Nahm transform for singular 
integrable connections (or equivalently, singular Higgs bundles) on the 
Riemann sphere. Note that Nahm transform for singular objects have 
already been studied by O. Biquard and M. Jardim in and by S. 
A. Cherkis and A. Kapustin in [H]. On the other hand, using different 
techniques, B. Malgrange has defined in jl8j a so-called Fourier-Laplace 
transform for integrable connections with singularities on the Riemann 
sphere behaving in the same manner on the level of singularity data as 
the one we define here. It is therefore very natural to believe that these 
two transforms actually agree. One difference between these works is. 
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however, the transformation of a parabohc structure and an adapted 
harmonic metric at the singularities in our case; for details, see Section 
Ol 

The construction follows the main ideas of other Nahm transforms 
found in literature. Namely, in Section ITT] we define positive and neg- 
ative spinor bundles over CP\ as well as a Dirac operator 

^■.S+(S)E — > S'0E. 

We then let ,^ G C \ P be a parameter, where P is the singular locus 
of the transformed objects, and for all ^ twist the operator ^ by some 
fiat connection to obtain a family of operators In Section 12.21 we 
prove that the kernel of these twisted operators vanish and that the 
cokernels form a finite-dimensional space. Furthermore, this dimension 
is independent of ^; we then define the transformed vector bundle E on 
C as the vector bundle with fiber over ^ given by coKer{^^). In Section 
12. 31 we carry out an analog of L^-Hodge theory of a compact Kahlerian 
manifold in this case; namely we establish an isomorphism between 
this cokernel and the first L^-cohomology of an elliptic complex, as 
well as harmonic 1-forms with respect to the Laplacian of the Dirac 
operator. We then go on to define the transformed fiat bundle and the 
transformed Hermitian metric in Section 13.11 and we extend the fiat 
bundle over the singularities - so defining the transformed meromorphic 
integrable connection - in Section 13.21 The transformed metric is then 
shown to be Hermitian-Einstein in Section 13^21 Next, in Section 1^?^ we 
give a completely explicit description of the fibers of the transformed 
bundle, first in terms of hypercohomology of a sheaf map, then in 
terms of the corresponding spectral set. Then come the constructions 
of the extensions of the transformed Higgs bundle to the singular points 
(Section 14. 4|) . This allows us to obtain the singularity data of the 
transformed Higgs bundle in Sections I4.5l and l4.(i[ and we complete the 
transform by computing the topology of the transformed Higgs bundle 
in Section Wl\ Finally, Chapter El deals with the involutivity property 
of the transform. 

1.2. Integrable connection point of view 

Let C be the complex line, with its natural holomorphic coordinate 
z = X + iy and Euclidean metric jd^l^; and let CP^ be the complex 
projective line. Let E — > CP^ be a rank r holomorphic vector bundle 
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on the Riemann sphere, and D be a meromorphic integrable connection 
on it, with first order or logarithmic singularities at the points of a 
finite set {pi,...,p„} = P C C and a second order singularity at 
infinity. In other words, on a small disk A{pj,e) centered at Pj G P in 
a holomorphic basis {T^};c=i,...,r of E, D is of the form + b' where 
is a holomorphic 1-form on the disk and 



(1.1) 



= d + 



-d^ A . 



We suppose furthermore that A^ is diagonal: 

/O 



A' 



\ 







it is called the residue of D at p^, and 1 < r — < r is the rank 
of A^. For convenience, we put //j = . . . = //^^. = 0, so that 74-' = 
diag{iil)k=i^...r- We will often make use of the holomorphic local de- 
composition 



;i.2) 



E' 

reg 



sing ' 



into the regular and singular components of near p^; here by def- 
inition E^^g is the holomorphic subbundle of E^ = P|a(pj,£) spanned 
by {rl}k=i,...,r,, and Eii^g is the one spanned by {r^}fc=r^+i,...,r. Intrin- 
sically, i?fi„g is the sum of the generalized eigenspaces corresponding 
to all eigenvalues converging to infinity of the integrable connection, 
whereas E^^^ is the sum of the generalized eigenspaces corresponding 
to the eigenvalues that remain bounded. 

In a similar manner, at infinity D is supposed to be equal (up to a 
holomorphic term) to a meromorphic local model having a second order 
pole, so that in a holomorphic basis {T^}k=i,...,r on a disk C \ A(0, R) 
corresponding to a standard neighborhood of infinity in CP\ it is of 
the form D — D°° + b°° where 6°° is now a holomorphic 1-form in the 
given neighborhood of infinity, and 



:i.3) 



d+ A + 



dzA 
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A 



in' 



\ 



in') 



and residue 




OQ 



\ 



c 



\ 



Here {6}"=! distinct eigenvalues of A. Each appears in neigh- 

boring positions k — 1 + , . . . , Oj+i , in particular its multiplicity is 
mi — a;+i — O;. Of course, we must then have Oi = and a„/+i = r. In 
line with the above notation, we set r^ — ^ and C = diag{ii'^)k=i,...,r- 
Furthermore, we will write 



for the diagonal matrix A as given above, meaning that A is diagonal 
with nil neighboring eigenvalues equal to 

Definition 1.1. The integrable connections having singularities 
near the points of P U {oo} as described above will be called mero- 
morphic integrable connections with logarithmic singularities in P and 
a second-order singularity at infinity, or for simplicity meromorphic in- 
tegrable connections although they are by far not all the meromorphic 
integrable connections. 

1.3. The transform of the meromorphic integrable 



Let {E, D) be a stable vector bundle with a meromorphic integrable 
connection on the sphere. Our aim in this paper is to define another 
complex bundle E with a meromorphic connection D on the sphere 
out of {E,D), which we call the transformed meromorphic integrable 
connection. Just as the initial connection, the transformed one will 



A = diag{{^i,mi}) 



1=1,. ..,n' 



connection 
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also admit a finite number of simple poles in points of the line and a 
second-order pole at infinity. 

In order to define the transformed vector bundle E, first we need 
to set some notation. Let C be another copy of C. (The importance 
of distinguishing the two copies of C is to help us avoid confusions.) 
For a parameter ^ E C, consider the following deformation of D: 

(1.4) Dj"* = D- ^dzA, 

where ^ : E ^ E stands for multiplication by ^. Since we only change 
the (1, 0)-part of D, and by an endomorphism that is independent of z, 
this is then another meromorphic integrable connection, with the same 
underlying holomorphic bundle as for D. Furthermore, its unitary and 
self-adjoint parts are given by 

(1.5) Dt = D+ - -dz + -dz 

(1.6) $r* = ^-idz- -dz. 
^ ' « 2 2 

Consider the following family in ^ of elliptic complexes C™* over C \ P: 

(1.7) Vl"" ® E ^Vl" ® E ^Vt" ® E. 

Fix a Hermitian metric h on E for which the holomorphic sections 
of the extension at the singularities are bounded (above and below) 
by a positive constant, and denote by E''^* the first L^-cohomology 
of the complex ()1.7p for this metric. In Theorems 12.61 and 12.211 we 
show that there exists a finite set P C C such that for ,^ G C \ P 
the first L^-cohomologies of this complex are finite-dimensional of the 
same dimension for all ^. 

Definition 1.2. The transformed vector bundle E is then the vec- 
tor bundle over C \ P whose fiber over ^ G C \ P is the first L^- 
cohomology L^H^{D'^'') of Qf\ 

Let ^0 £ C \P, and let f{z) G E^^ be a class in the first cohomology 

of er*. 

Definition 1.3. The transformed flat connection t) is by definition 
the flat connection whose parallel section f{^\z) extending f in some 
neighborhood of C,q is given by the first L"^ -cohomology classes in C™* of 
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Finally, h induces a natural Hermitian metric h on E as follows: in 
Theorem 12 . 2 1 1 we show that any class in L'^H^{D^) can be represented 
by a unique harmonic 1-form with respect to the Laplacian of the Dirac 
operator. 

Definition 1.4. The transformed Hermitian metric h on E is de- 
fined by the L^-norm of harmonic representatives. 

All this will be explained in more detail in Section IH.ll and in Defi- 
nition 13.11 

When one considers an integrable connection, there exists some- 
times a privileged fiber metric on the bundle, namely a harmonic one. 
In order to be able to define harmonicity, decompose as usual D into 
its unitary and self-adjoint part 

(1.8) D = D+ + $, 

put Vd+ or simply V+ for the covariant derivative associated to the 
connection (so that V^t makes sense for a tensor t of arbitrary type 
(rCP')P ® (r*CP')« ^E-"® {E*y) and denote by (V+)* the adjoint 
operator of with respect to h. 

Definition 1.5. The Hermitian metric h is called harmonic, if it 
satisfies the equation 

(1.9) (v+):<i> = 0. 

This is a second-order non-linear partial differential equation in h. 
Here is the main result of this thesis in a special case (the one 
without parabolic structures, see Definition II. Sj) . 

Theorem 1.6. Let {E,D,h) be any meromorphic integrable con- 
nection with logarithmic singularities in P as in M.l}) . and a double 
pole m.^} at infinity, endowed with a harmonic metric h. Suppose 
that the eigenvalues of the polar part of D in the punctures satisfy the 
following assumptions: 

(1) for fixed j G {1, . . . ,n}, the complex numbers fil for k = Vj + 
1, . . . , r are all different, and ^fil ^ Z 

(2) for fixed I G {1, . . . ,n'} , the complex numbers /i^ for k = 
1 + O;, . . . , a;+i are all different, and 3?/i^ ^ Z 

Then the set of punctures P G C o/ the transformed bundle is the set 
{Ci) • • • of distinct eigenvalues of the leading order term A of D 
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at infinity. For ^ ^ P, the first L^-cohomologies of \1.T\} are finite 
dimensional vector spaces of the same dimension. They match up to 
define a smooth vector bundle E of rank 

n 

(1.10) f = 5^(r-r,-) 

over C \ P. D is a flat connection on E. It underlies a meromor- 
phic integrahle connection (that we continue to denote {E,D)) of de- 
gree deg{E) = deg{E), called the transformed meromorphic connec- 
tion. It has logarithmic singularities in P and a double pole at in- 
finity. The non-vanishing eigenvalues of the residue in C^i E P are 
{~Ii'i+a,> ■ ■ ■ 5 eigenvalues of the second-order term of the 

transformed meromorphic connection are {—pi, . . . , —Pn}, the multi- 
plicity of —pj being (r — r^); the eigenvalues of its residue at infinity 
on the eigenspace of the second-order term corresponding to —pj are 
{— /i^j+i, • • • 5 Finally, h is harmonic for D. 

Remark 1.7. The assumptions (1) and (2) of the theorem are 
clearly generic in the parameter space of all possible eigenvalues. 

This theorem actually follows from the more general statement II. 171 
In order to understand the more general setup, one needs to consider 
meromorphic connections endowed with a parabolic structure. 

1.4. Parabolic structure and adapted harmonic metric 

Actually, we can suppose more structure on the integrahle connec- 
tion: namely, that it comes with a parabolic structure on P and at 
infinity. 

Definition 1.8. A parabolic structure on {E,D) is the data of a 
strictly decreasing filtration by vector subspaces 

Ep = FoEp D FiEp D . . . D F^^^iEp D F^^Ep = {0} 

( where 1 < bp < r) of the fiber Ep of E in each singular point p G 
PU{oo}, called the parabolic flag, such that each F^ is spanned by some 
of the restrictions {t^ (p)}^^j of the holomorphic basis to the singularity 
p = Pj or oo, together with a sequence of corresponding real numbers 

o<Pi<...<Pl<i 

called the parabolic weights. 
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Remark 1.9. All parabolic weights can be assigned a natural mul- 
tiplicity, namely the dimension of the corresponding graded of the fil- 
tration: more precisely, the multiplicity of (31 for any p G PU {00} and 
any k E {1, . . . , bp} is by definition 

We will write 

< /3f < . . . < < 1 

for the parabolic weights repeated according to their multiplicities, and 
use this numbering of the weights throughout the whole paper instead 
of the one in their definition. Moreover, we write (31 instead of (3l( . 

Remark 1.10. The order of the spanning F^^Eoo in the above 
definition is not necessarily the same as the one in which the eigen- 
values of the second-order term A at infinity appear in one group, as 
supposed in M.^) . However, this will not cause any confusion in the 
sequel, because the basis vectors at infinity in this latter order still have 
well-defined parabolic weights (which are then not necessarily increas- 
ing). 

Definition 1.11. A meromorphic integrable connection [E, D) with 
described local models and parabolic structures at the punctures will be 
called parabolic integrable connection. The parabolic degree of E with 
respect to the given parabolic structure is the real number 



(1.11) degp^^{E) = deg{E)+ ^ 

jtE{l,...,n,cxD} k—1 

where deg{E) is the standard (algebraic geometric) degree of E, and 
the sum is taken over all parabolic weights for all punctures p. The 
slope of the parabolic integrable connection is the real number 



1.12) /ip,.(E) 



degparjE) 



and {E,D) is said to be parabolically stable (resp. semi- st able j if for 
any subbundle F invariant with respect to D and endowed with the 
induced parabolic structure over the singularities, the inequality 

(1.13) UpariF) < UpariE) 

(respectively fipar{E) < fipar{E)) holds. Finally, {E,D) is said to be 
parabolically polystable if it is a direct sum of parabolically stable bun- 
dles that are all invariant by D and of the same slope as E. 
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Remark 1.12. The notions of stability, semi-stability and poly sta- 
bility make sense for meromorphic integrable connections without a par- 
abolic structure as well: in the corresponding definitions, one only needs 
to set all parabloic weights equal to 0. Notice however that by the residue 
theorem we have 

deg{E) = -mr{Res{D,oo)) - ^tr{Res{D,p^)) 

je{i, ■■■,«} 

r r 
fc=l je{l,...,n} k=l 

(the change of sign coming from the fact that the eigenvalues of the 
residue at infinity are — because in the local coordinate w = 1/ z we 
have dz/z = —dw/w.) Therefore 111.11]) is in fact equal to 

r r r 

k=l je{l,...,n} fc=l je{l,...,n,oo} k=l 

where 7^ are the parabolic weights of the local system at p^ (Proposition 
11.1, ^). On the other hand, the parabolic degree of an integrable con- 
nection is always equal to 0: this follows from the Gauss-Chern formula 
2.9 of 4J. Therefore, the case where the parabolic weights f3l of the in- 
tegrable connection vanish is not the one where the parabolic weights 
7^ of the representation of the fundamental group vanish, and where by 
Remark 8.2 of ^ stability reduces to irreducibility of the corresponding 
representation. 

Definition 1.13. A Hermitian fiber metric h on E is said to be 
adapted to the parabolic structure if near the logarithmic punctures in 
the holomorphic bases tI it is mutually bounded with the diagonal model 

(1.14) diag{\z-p,r''')l^,, 

and at infinity in the holomorphic basis it is mutually bounded with 

(1.15) diag{\z\-^^^)l^,. 

Remark 1.14. In general, without the hypothesis of semisimplicity 
of the residue in the puctures made in Section \1.2\ the local models of 
the metric near the punctures are more complicated than in the above 
definition: e.g. for the regular singularities one has to take into account 
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an extra filtration induced by the nilpotent part of the residue, and add 
a factor \ ln(r)|'' on the corresponding k-th graded, see the Synopsis of 

m 

Here is the important existence result of the theory: 

Theorem 1.15 (Sabbah C. Biquard O., Boalch Ph. P). Let 
{E, D) be a parabolically stable parabolic integrable connection. Then 
there exists a unique harmonic Hermitian metric h adapted to the par- 
abolic structure. 

Remark 1.16. Actually, in the above articles this theorem is proved 
to hold for parabolic integrable connections having poles of arbitrary or- 
der in the punctures. On the other hand, for integrable connections with 
only regular singularities, it had already been shown by C. Simpson, see 

m 

We are now ready to describe the more general version of Nahm 
transform: that for parabolic integrable connections. 

Theorem 1.17. Let {E,D) be any parabolic integrable connection 
on the sphere with logarithmic singularities in P as in / ti.i)) . and a 
double pole at infinity. Suppose that the eigenvalues of its polar 

parts fi and the parabolic weights (3 in the punctures satisfy the following 
assumptions: 

(1) for fixed j E {1, . . . , n}, the complex numbers fil — Pi for k = 

+ 1, . . . ,r are distinct and different from 0, the parabolic 
weights (31 for k = 1, . . . ,rj are and finally ^fil ^ Z for 
k = Tj -\- 1, . . . ,r 

(2) for fixed / G {1, . . . , n'}, the complex numbers IJ''^ — for k = 
1 + Oi, . . . , flj+i are distinct and different from 0, and ^ Z 

Then, in addition to the conclusions of Theorem \l.(A the transformed 
bundle {E,D) carries a natural parabolic structure in the punctures 
(that we will call transformed parabolic structure^, such that the trans- 
formed metric of the harmonic metric is adapted to it. Moreover, the 
set of its non-vanishing parabolic weights in E P is equal to the set 
of parabolic weights {[3'^+^^, ■ ■ ■ j/?^^^} of E at infinity, restricted to the 
eigenspace of A corresponding to the eigenvalue ^i; whereas the para- 
bolic weights of E at infinity restricted to the eigenspace of the second- 
order term of D corresponding to the eigenvalue —pj are equal to the 
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parabolic weights {Pt^+i, . . . , P^} of E at Pj. All these statements are 
to be understood with multiplicities. 

Remark 1.18. Again, the conditions (1) and (2) of the theorem are 
generic in the parameter space of all possible eigenvalues and parabolic 
weights. They will regularly appear along this paper, both in analytical 
and geometric arguments. 

This theorem is a consequence of Theorem 11.321 

Definition 1.19. The map 

(1.16) H:{E,D)^{E,b) 

described in Theorems \l.(A and \1.17\ will be called Nahm transform. 

Finally, as we have already mentioned, Nahm transform has an 
involutibility property: 

Theorem 1.20. Let {E,D) be a parabolic integrable connection on 
the sphere satisfying the assumptions of Theorem \l.ll\ Then 

U\E,D) = {~iy{E,D), 

where — 1 : C ^ C zs the map z ^ —z, and (—1)* the induced map 
on fiber bundles with connection. In particular, Nahm transform is 
invertible. 

This will be proved in Theorem 15.11 using arguments of the same 
type as S. K. Donaldson and P. B. Kronheimer in |10j . namely the 
study of the spectral sequence of a suitable double complex. 

1.5. Local model for parabolic integrable connections 

We suppose in this section that near each singularity, h coincides 
with the diagonal models y and h"^ given in Definition 11.131 (that 
is, without the extra 0{\z — Pj\'^^'^'''~'^k'^) and 0(|z|~^*''^~''^^) factors 
in ()1.14j) and ()1.15|) : in particular, this metric is then not harmonic). 
For computations, it will be useful to express the local models of the 
integrable connection near the singularities in some orthonormal bases. 
As in [H], we consider the orthonormal basis defined by 

(1.17) ei = \z\-^'>'-'^^^tI k = l,...,r 
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around Pj. The /i-unitary part {D^y of becomes 

(1.18) {D+y ^d + i^{A^)de 

where ^{A=) = ^1+^ = diag{^fii)k=i^,„^, (and '^{A^) = ^^^f^ = 

diag{Qfil)k=i r) stands for the real (imaginary) part of A^ , and r and 

6 are local polar coordinates around pj such that we have z—pj = re*^. 
For the self-adjoint part $^ of in this basis we get: 

^i-^' ^ {A^y d-z ^,dr 

2 z — Pj 2 z — Pj r 

(1.19) = mA^) - 13^]— - '~s{A^)de, 

r 

where (3^ = diag{f3l)k=i r- These together imply that with respect to 
this basis, the model for the operator D in polar coordinates is 

. dr 

(1.20) ^d + iA'de + mA')-p']—. 

r 

In an analogous way, in the orthonormal basis {e^j^.^^ ^ given by 



(1.21) = Izl/'r W exp [{^,z - ^,z)/2]t- 

near infinity the unitary part of the model connection D"^ is given by 

{D+)°° ^d + m{c)de, 

where we have put again 3fJ(C) = ~ diag{JkiJi'^)k=i,...,r and z = 

re'^. Moreover, putting '^{zA) = diag^{{z^i,mi})i^i^,„ri' and Q{zA) = 
diag'^{{z^i,mi})i=i^,,,n', the self-adjoint part of D°° has the form 

^- = UA+-)dz + UA* + —)dz + r- 
2 \ z J 2 \ z J r 

dr 

(1.22) = MzA + C) + /?°°] — + Q(zA + C)d9 

r 

(the inversion of the sign of 13 comes from the fact that if we make a co- 
ordinate change w — 1/z, \w\ = p = 1/r = l/\z\, then dp/p = —dr/r). 
Remark that in these expressions the terms in d^, dr/r, dz/z, dz/z are 
of lower order then the ones in dz,dz, zdr/r, zd9; hence the leading 
order term of the singular part of D in this basis is just 

(1.23) d+^dz+^dz. 
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1.6. Higgs bundle point of view 

The idea of the proofs of Theorems ll.fjl and ll.l7l will be to exploit the 
correspondence known as nonabelian Hodge theory between parabolic 
integrable connections on one side and parabolic Higgs bundles on the 
other side. Let us recall the definition of the latter notion: 

Definition 1.21. A parabolic Higgs bundle is given by: 

(1) a holomorphic bundle £ with holomorphic structure over 
CP^ called the holomorphic bundle underlying the Higgs bun- 
dle, and with underlying smooth vector bundle V ; 

(2) in each point pGPUjoo} a strictly decreasing parabolic flag 

V, = FoV; D Fiv; D . . . D F,^_iV; d f,v, = {o} 

for some 1 < Cp < r, with parabolic weights 
0<aP < ... <aP < 1; 

(3) a -meromorphic section 9 E ° (CP^ , End{V)) (called the 
Higgs fieldj, having a simple pole at the points of P with semi- 
simple residue respecting the parabolic flag (that is, such that 
Res{9,Pj) leaves FkVp. invariant for each pj G P and all < 
k < Cp), and a second-order pole at infinity, such that there 
exists a holomorphic basis of £ near infinity compatible with 
the parabolic structure in which the residue and second-order 
term are both diagonal. 

Again, we write 

< < . . . < < 1 

for the parabolic weights repeated according to their multiplicities 

and we shorten a^' to a\. Finally, we set 
(1.24) D" = 8^+6, 

that we call the /^''-operator associated to the Higgs bundle. 

The notions of parabolic degree, slope and (poly/semi-) stability of 
parabolic Higgs bundles are defined analogously to the case of inte- 
grable connections, see Definition 11.111 Theorem 6.1 of [H] then says 
the following. 
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Theorem 1.22 (Biquard O.-Boalch Ph., 2004). There exists an 
isomorphism between the moduli space of parabolically stable rank r in- 
tegrable connections with fixed diagonal polar part and parabolic struc- 
tures up to complex holomorphic gauge transformations respecting the 
parabolic flags, and the moduli space of parabolically stable rankr Higgs 
bundles with fixed diagonal polar part and parabolic structures up to 
complex holomorphic gauge transformations respecting the parabolic 
flags. 

Remark 1.23. Actually, this is a consequence of the existence of a 
harmonic metric (Theorem M.lf^) . and hence also proved for parabolic 
integrable connections with poles of arbitrary fixed order and diagonal 
polar part in the punctures and parabolic Higgs bundles with poles of 
the same order with diagonal polar part. 

The transition from integrable connections to Higgs bundles is given 
as follows: first, the underlying smooth vector bundle of the integrable 
connection and the Higgs bundle are the same. Furthermore, suppose 
h is the harmonic metric, consider the decomposition ()1.8j) of the inte- 
grable connection into its unitary and self-adjoint part, and decompose 
the terms further according to bidegree 



The partial connection defines then the holomorphic structure 

of £, and will be the Higgs field 9. The /^''-operator is of course 
(Z}+)"-^ + $^'°. Harmonicity of the metric implies that 9 is holomorphic. 

The transition in the other direction is also established using a 
privileged metric. 

Definition 1.24. Let {E,9) be a Higgs bundle. We say that h is 
a Hermitian-Einstein metric for {£.,9) if, denoting by the Chern 
connection (the unique h-unitary connection compatible with d^), by 
Fj2,+ its curvature, and by 9^ the adjoint of 9 with respect to h, then 
these objects satisfy the real Hitchin equation 



(1.25) 




,0,1 



F^. + [9, 91] = 



where [., .] stands for graded commutator of forms. 
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Let (£,^) be a parabolically stable parabolic Higgs bundle. By 
[H], there exists a unique Hermitian-Einstein metric h adapted to the 
parabolic structure. The connection 

(1.26) D = Dt + {e + e;) 

on V is then integrable, and h is the corresponding harmonic metric 
adapted to the parabolic structure. In what follows, in order to simplify 
notations, we are often going to omit the subscript h in the notation 
of the Chern connection and adjoints. 

Let now (-E, D) be a parabolically stable parabolic integrable con- 
nection and (£,6*) the associated parabolic Higgs bundle. An important 
result we will be constantly using is the following 

Theorem 1.25 (Simpson C. |21j ). Suppose the metric h is har- 
monic. Then, with the previous notations, the Laplace operators = 
DD* + D*D and A^,, = D"{D"y + {D"yD" satisfy 

Ad = 2A^„. 

In particular, their domain and kernel coincide. 



1.7. Local model for Higgs bundles 

In this section, we give the eigenvalues of the residue of the Higgs 
field and the parabolic weights of the Higgs bundle in the punctures 
that correspond to those of the integrable connection via the Theorem 
11.221 To obtain local models for the operators in this setup, suppose 
again that near Pj the metric h coincides with the diagonal model 
given by ()1.14|) (without the correcting 0{\z — Pjp^'^fc"^^^) term; in 
particular, it does not satisfy Hitchin's equation). Then, according to 
[H], in the local (9^-holomorphic trivialisation 



{z-p.V^f^i^ 
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around pj, the Higgs field is equal up to a perturbation term to the 
model Higgs field given by 



where we have put = {/il — Moreover, in the same trivialisa- 

tion, the parabolic weights are 



where [.] denotes integer part. 

Remark 1.26. In fact, this formula is not completely correct, be- 
cause the aj. defined by it are not necessarily in increasing order, al- 
though they should be by definition. One should instead write the same 
formula for a^^^j, where s is a permutation of {1, ... ,r}. However, in 
the sequel we discard this minor technical detail for the sake of simplic- 
ity of the notation. 

Remark 1.27. Since the gauge transformations between the bases 

{rl}k=i r o-nd {o'^}fe=i....,r o,re just multiplications by some functions 

(in particular diagonal matrices), it follows that the smooth subbundle 
spanned by the sections {o"^}fc=r,+i r is the same as the one spanned 

{'^k}k=r.i+i,...,r, which is by definition the underlying smooth vector 
bundle of Eli^g,- and similarly, the subbundle spanned by {o'i}k=i,...,rj is 
equal to the underlying smooth bundle of £^4g • same remark also 
holds for the bases {el} instead of {aj.}. In particular, the residue of 
the model Higgs field 9^ in the point Pj e P belongs to End{Eli^g\p.) . 

Near infinity, the situation is shghtly different: for h — h°° the 
diagonal model, in the local 9^-holomorphic frame 



6' = 



- dz 
2 z-pj 



(1.28) 




(1.29) 



(1.30) 



{k^l,...,r) 
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the Higgs field is equal up to a perturbation term to the model Higgs 
field given by 

2 2 z 

(1-31) = (^diag{{^i, mi})i=i^,„^n' + ^diag{\^)k=i^,„^r^ dz, 

where we have put again = (/x^ — /3^)/2, with parabolic weights 
being, as in the case of simple poles, 

(1.32) = ^ifi^) - mf^r)]- 

From these data, as above, one can form the model /^''-operator 

(1.33) {D"y=d^+e' (j G {l,...n,oo}). 

Notice that since we considered holomorphic trivialisations of the 
partial connection part of the model coincides with the usual 5-operator. 

We are now ready to write out the assumptions made in Theorem 
ll.l7l on the parameters of the integrable connection, translated to those 
of the Higgs bundle: 

Hypothesis 1.28. We suppose that {8,, 6) is a pamholically stable 
Higgs bundle with diagonal polar part of the Higgs field in some local 
holomorphic frame near each puncture, satisfying the properties 

(1) for fixed j G {1, . . . , n} the residues \\ for k G {r^ + 1, . . . , r} 
are non-vanishing and distinct, Xl vanish for k = 1, . . . , and 
finally al ^ if and only if Xl ^ 0; 

(2) for fixed / G {1, . . . , n'} the complex numbers for A; G {1 + 
a;, . . . fli+i} are non-vanishing and distinct, and ^ 0. 

Diagonality of the polar parts has already been assumed when writ- 
ing the local models ()1.28|) and ()1.31|) . The first condition says that 
no parabolic weight and no eigenvalue of the residue of Q vanishes on 
the singular component at any singularity, and that on the singular 
component near a puncture all eigenvalues are different; whereas the 
eigenvalues of the residue and parabolic weights vanish on the reg- 
ular component. One more way to say the same thing is: for all 
j G {l,...n}, the residue of d defines an automorphism of i?^i„g|pj, 
and the parabolic weights corresponding to the holomorphic triviali- 
sation p.27|) are non-vanishing exactly on this subspace. The second 
one imposes that on the eigenspace corresponding to a fixed eigenvalue 
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of the second-order term at infinity, all the eigenvalues of the residue 
be non- vanishing and distinct, furthermore that no parabolic weight 
vanish at infinity. Note that these conditions are generic among all 
possible choices of singularity parameters. 

1.8. The transformation of the Higgs bundle 

Let (£, 9) be a parabolic Higgs bundle and ^ G C \ P a parameter. 
The natural deformation of the Higgs field is 

(1.34) 9^ = 9- |d^ 

with fixed underlying holomorphic bundle £. It is clear that is then 
also holomorphic with respect to with the same local models at the 
logarithmic punctures as 6*, but its local model near infinity is different. 
If moreover a Hermitian metric is fixed, then we also have 

91 =9* - ^dz. 

Therefore, the integrable connection corresponding to the deformed 
Higgs bundle is given by 

(1.35) Df = D- ^dz - ^dz, 

and the crucial observation is that via the unitary gauge transformation 



(1.36) exp[(ez-e^)/2] 

on C this is equivalent to the deformation ()1.4|) . The self-dual part of 
this deformation is 

(1.37) <l>f = $ - ^dz - |dz, 

the same deformation as in ()1.6|1 . Therefore it will not make any confu- 
sion to refer to $^ without mentioning the adopted point of view; con- 
sequently, we drop the corresponding upper indices. The connection 
defined by p.35|l is still flat, but the underlying holomorphic structure 
is different from the one of D (because of the term in dz). Notice 
also that the gauge transformation ()1.36p between these deformations 
has an exponential singularity at infinity. Denote by the elliptic 
complex 

(1.38) ^ ® E ^ ® 
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Definition 1.29. The smooth vector bundle V underlying the trans- 
formed Higgs bundle is the vector bundle whose fiber over ^ G C \ P 
is the first L^-cohomology L'^H^{G^) of . 

In Proposition 14.21 we prove that these vector spaces indeed define 
a finite rank smooth bundle. Furthermore, by Theorem 12.211 any class 
in L^H^iQ^) admits a unique D|^-harmonic representative. 

Definition 1.30. The transformed holomorphic structure on V is 
the one induced by the orthogonal projection of the trivial partial 
connection with respect to the variable ^ on the trivial U'-bundle over 
CP to -harmonic 1-forms. The transformed Higgs field is mul- 
tiplication by —zd^/2 followed by projection onto harmonic 1-forms. 
Finally, the transformed Hermitian metric is the L'^ -metric of the har- 
monic representative. 

By virtue of Theorems 12 . 2 1 1 and 1 1 . 2 5^ the transformed smooth bun- 
dle V can also be computed in this case as the first cohomology of the 
elliptic complex C^' given by: 

n"" ^ E ^ ® E ^ ^ E, 

where the maps are the corresponding deformations of ()1.24|1 in the 
Higgs-bundle point of view. Exphcitly, D'^ reads 

We use this description of the transformed bundle in Section 14.21 to 
show the statement of Theorem 11.61 on the transformed metric: 

Theorem 1.31. If the original metric harmonic then the same thing 
holds for the transformed metric. 

For this purpose, we prove in fact that the candidate Higgs field 9 
corresponding to D and h is meromorphic with respect to the trans- 
formed holomorphic structure. 

Furthermore, in this interpretation, the remaining part of Theorems 
Il.fjl and ll.l7l can be written: 

Theorem 1.32. Suppose {8,, 6) is a parabolic Higgs bundle with 
logarithmic singularities in the points of P and a double pole at infinity, 
as described in Section W^ such that its singularity parameters satisfy 
Hypothesis Then the transformed Higgs bundle {d^,0) is of the 
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same type (that is, it has a finite number of logarithmic singularities in 
points of C and a double pole at infinity, with a parabolic structure in 
these points). Furthermore, its topological and singularity parameters 
are as follows: 

(1) the rank of £ is the sum M.1U\] of the ranks of the residues of 
e m P 

(2) its degree is the same as that of £ 

(3) the logarithmic singularities are located in the set P, and for 
all I G {1, . . . the rank of the transformed Higgs field in 
the point is equal to the multiplicity rrii of the eigenvalue 
of A 

(4) the set of non-vanishing eigenvalues of the residue of 9 in the 
point IS {-AJ^„^,...,-A:;^^J, where ■ ■ ■ are 
the eigenvalues of the residue of the original Higgs field 9 at 
infinity, restricted to the eigenspace of A corresponding to the 
eigenvalue C,i 

(5) the non-vanishing parabolic weights of £ in is the set of 
parabolic weights {a^^^, . . . , c^Ti+i} ^ ^'^ infinity, restricted 
to the same subspace 

(6) the eigenvalues of the second-order term of 9 at infinity are 
{— Pi/2, . . . , —pn/2}, and the multiplicity of —p-j/2 is equal to 
the rank r — Vj of the residue of 9 in p^ 

(7) on the eigenspace corresponding to —Pj/2 of the second-order 
term at infinity, the eigenvalues of the residue of 9 are 

(8) the parabolic weights on the same eigenspace at infinity are the 
parabolic weights {a^^.+i, • • • , a^} of £ at p^ 

The proof of this theorem is the object of Chapter 



CHAPTER 2 



Analysis of the Dirac operator 



In this chapter, we study the analytical theory needed for our con- 
struction along the lines of Donaldson-Kronheimer |10j . Jardim |15j 
and others. First, in Section 12.11 we define spinor spaces and Dirac 
operators that permit us to study the problem. We also define a suit- 
able functional space and state a Fredholm theorem valid for all 
deformations of the initial connection. Then it is natural to define the 
fibers of the transformed bundle as the cokernel of the deformed Dirac 
operator. The Fredholm theorem is then proved in Section l2!2l In Sec- 
tion 12.31 we carry out an identification of this cokernel with the first 
L^-cohomology L^iJ^(Dj"*) of the complex C™* given in ()1.7j) . similar 
in vein to the Hodge isomorphism between the cokernel of the operator 
d + d* on a compact manifold and the L^-cohomology of the operator 
d. However, since the manifold we are working on is non-compact, in 
proving these results we need a careful study of the singularities. 

In all what follows, we fix a parabolic integrable connection with 
adapted metric h) and choose to study the analytic properties 

of the deformation from the point of view of integrable connections, 
hence we set for simplicity = D™* until further notification. 

2.1. Statement of the Fredholm theorem 

Definition 2.1. The positive and negative spinor bundles are the 
vector bundles over C \ P given by 



S+ = A°T*(C \ P) © A^T*{C \ P) 



S 



A^T*(C \ P) 



Recall that we have defined P as the set 
ues of the second order term of D at infinity. 



C,r} of all eigenval- 



Definition 2.2. For ^ e C \ P the Dirac operator is the first- 
order differential operator 



$^ = D^- Dl ■ T{S+ ®E) — > T{S- ® E) 



27 



28 



2. ANALYSIS OF THE DIRAC OPERATOR 



where T is used to denote smooth sections with compact support in 
C \ P. Its formal adjoint 

= d; - : r{s- ^E) — > r{s+ ® e), 

is called the adjoint Dirac operator. 

For any ^ G C let us introduce the following norm on sections / of 
S+^E: 

(2.1) \\f\\i^^ = f i/r+iv+/r+i<i>,®/r, 

where and $j are defined in ()1.5|) and ()1.6|) . Here and in all what 
follows, we integrate with respect to the Euclidean volume form |d2;|^, 
and denotes h{x,x), unless the contrary is explicitly stated. Our 
convention is furthermore to write {x,y) for h{x,y), and for sections x 
and y, we write {x,y) instead of J^{x,y). 
Define the space of sections 

(2.2) HliS^ ^E) = {fe LUS^ ® E) : < oo}, 

where in we refer to the metric h on the fibers. We will often write 
instead of H^{S^ ® E). As we will see by the end of this chapter, 
this is the appropriate space to regard the Dirac operators. First we 
establish the simple 

Lemma 2.3. The norm \\-\\h^ depends (up to equivalence of norms) 
neither on ^ G C, nor on the particular connection D having behavior 
as in / ti.ip and 

Proof. We begin by showing that the norm is independent of ^. In 
order to simplify notations, we let stand for from now on. It is 
obviously sufficient to prove that for an arbitrary ^ G C, the if^^-norm 
is equivalent to the i7^-norm. From the point-wise identity 

|$,®/|=2|^,®/| = 2|^*®/|, 

and the point-wise estimation 

(2.3) |V+/|<|V+/|+2|e||/|, 

one sees that for any section / = (/o, /2) G r(S'+ ® E) the estimates 

ii/ii^i<(i+8ier)ii/ir«. 

and 

11/11^. <(i+8ier)ii/ii?,. 
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hold; the first statement of the Lemma follows at once. 

Now we show independence of the particular connection D with 
right singularity behavior. Introduce the model norm 

(2.4) wfwi. ^(^(,^.,.» = / i/r + \{D^yf? + wf? 

JA(p,.,e) 

around points of P and the model norm 



(2.5) ii/ir«. „^(c.A(o,H)) = / i/r + \{D^rf\' + i<^>^/r 

near infinity. Then it is sufficient to prove the following: 

Claim 2.4. If e > is chosen sufficiently small and R > suffi- 
ciently large, then for any smooth section f G we have 

(2.6) cllJ-' ll^i^^^p^ < II/'' ||^fi^^^(A(pj,£)) < C'||/'' ||^i(A(p^-,£)) 

and similarly 

(2.7) c||/^|| <C||/^II 
with some constants < c < C independent of f . 

Proof. Consider first the case of pj E P. Decompose f^ = /^^ + 
fsing corresponding to the splitting ()1.2|) . Write also 



(2.8) fL, = E 

k=l 

r 

(2.9) fL,= E 



0i4 

fc=i 



k=ri+l 



with respect to the orthonormal basis {e^} introduced in ()1.17j) . where 
the (pl are functions. Formulas ()1.18p and ()1.19p and Hvpothesis 11.281 
imply that ()2.4|) is equivalent to the weighted Sobolev space of sections 
satisfying 



(2.10) e/ i0ir+id0' 

fc=l >^Afe,e) 

r 



J I 2 
fel 







/ 


<f>l 


/Afe,e) 


r 



|d0ir < oo, 



where d stands for the trivial connection on functions. Notice that we 
only add weights on the singular component. By |21j . Theorem 1 it 
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follows that in A{pj,e) the difference between {D'^)^ and is 
(2.11) a' = 0{r-'+') 

for some 6 > 0, and the same estimation holds for the difference be- 
tween and $. It is then immediate that for any c > 0, the estimation 

2 



A(P3,e) 



holds for k = Tj + 1, . . . ,r and for e > sufficiently small. We therefore 
have ()2.6p for fsing- On the other hand, for a function g defined in 
A(0, 1) and for 6 > fixed, from the claim in the proof of Theorem 5.4 
in [H] we have 

r-'^'9\'<c([ \dg\'+ [ \9\' 

Afe,l) \Ja{pj,1) JA(p,-,1)xA(p,,1/2) 

Rescaling this inequality to the disk A{pj,e) one easily checks that it 
implies 

e-'' [ \r-'+'9\' 

2 I ^-2 / I 12 



(2.12) <c / \dg\' + e'' \g 

Choosing e sufficiently small, applying this to 0], for = 1, . . . , r^ , and 
recalling that on the regular component {D^y is the trivial connection 
d and = 0, we obtain ()2.fij) for freg as well. This establishes the 
equivalence of the norms ||.||^i ^ and ||.||^i around a finite singularity. 

Around infinity, by jHj Lemma 4.6 the difference between {D'^)°° 
and is bounded above by a term 



-l-<5\ 



(2.13) a°° = 0(r 

for some 6 > 0, and again the same holds for $°° — $. The equivalence 
()2.7|1 follows immediately from the estimation 

\r''-'f\ < c\f\ 

for any c > 0, whenever r > R with R sufficiently large. □ 
This then finishes the proof of Lemma 12.31 as well. 

□ 



From the previous discussion, we bring out as consequence: 
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Corollary 2.5. The Hilbert space H^{E) is the set of sections 
f E Lf^^[E) such that near a logarithmic singularity Pj, in the de- 
compositions \2.^) and \2. we have 0^ G L'^'^ for k = 1, . . . ,rj and 
(f>i/r, d4>i G for k = Vj + 1, . . . ,r ; whereas at infinity, the coordinates 
0r o// in the basis M.21]) are equipped with the norm 



i/r+iv/r 

C^UjA(pj,e) 









1 




+ i#ir| 




r 





j = l I, fc=l >^A(p,-,£ 

r/ie same result holds for sections ofVL^®E, coordinates being expressed 
in the basis dz f\ dz. 

Proof. For sections of this follows from Claim 1231 ()2.10|) and 

\^®f\<K\f\. 

We then obtain the case of by duality. □ 

We now come back to the analysis of the Dirac operator. From 
the definitions of H^(S^ ® E) and we see that this latter admits a 
bounded extension 

(2.14) ^^-.H^S+t^E) — ^L\S-®E). 

We are now able to announce the first main result of this chapter: 

Theorem 2.6. The operator \2.14\ l Fredholm; if h is harmonic, 
its kernel vanishes. 

Corollary 2.7. The bundle over (7 \ P whose fiber over ^ is the 
cokernel of \2.14 ) is a smooth vector bundle. 



Proof. We recall the well-known fact that the index of a contin- 
uous family of Fredholm operators is constant. On the other hand, if 
the kernel of a Fredholm operator vanishes, then its index is equal to 
the opposite of the dimension of its cokernel. It then follows immedi- 
ately from the Fredholm theorem that if the metric is harmonic, then 
the dimension of the cokernel of the operator is a finite constant 
independent of ^. Moreover, by standard implicit function theorem 
arguments in Hilbert space it follows that the cokernels of these Dirac 
operators in L'^{S^ (E) E) vary smoothly with ^. □ 

Therefore, we may set the following. 
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Definition 2.8. The transformed vector bundle E of {E, D, h) of 
a singular integrable connection with harmonic metric is the smooth 
vector bundle over C \ P whose fiber over ^ is the finite- dimensional 
vector space E^ = coKer{$^) C L'^{S~ E). 

In the remaining of this section, we prove vanishing of the kerneL 
The proof of the first statement of Theorem 12.61 is left for the next 
section. For the rest of the discussion in this section, we drop the 
index ^. 

Lemma 2.9. The subspaces Im{^\Hi(n«)) and Im(^\Hi{n2^) of ^^{Q}) 
are orthogonal. 

Proof. Let /o e and f^ = gdz Adz e H\n^). Suppose 

first that /o is smooth and supported on a compact subset of C, and 
such that near any singularity Pj G P its singular part is supported 
away from pj. Then in a neighborhood of any pj in a holomorphic 
basis Dfo = (d + a)f for some bounded section a G fl^{End{£.)), and 
so we have by partial integration 

(2.15) / {Df,,D*f,)= [ (DVo,/,) = 0, 

since D is flat. Therefore, in order to flnish the proof it is sufficient to 
show the following: 

Claim 2.10. The set of compactly supported smooth sections of 
® E on C with singular part compactly supported away from any 
singularity is dense in H^. 

Proof. It is sufficient to show the statement for Q^, the case of 
Q"^ being analogous. First we concentrate on infinity. Let / G H^{E), 
and define cut-off functions Pfi(r) supported in [0,2i?] and equal to 1 
on [0, R], such that is supported in [R, 2R] with 

max\p'j^\ < 2/R. 

Then we need to check that 

PR{r)f ^ / 

in H^{E) as R ^ oo. In view of Corollarv 12. 5[ this boils down to the 
classical calculations 

ii(i-p^w)/ii< / i/r 



2.1. STATEMENT OF THE FREDHOLM THEOREM 33 

and 

l|V+((l - Pn{r))m < [ \p'n{r)\V\' + K I | Wr 

J R<r<2R J R<r 

<K' [ \f\' + K [ IWI 

J R<r<2R J R<r 



+ |2 

5 



' R<r<2R J R<r 

where K' are constants independent of R and /. 

Next, let us consider a logarithmic singularity p^, and define cut-off 
functions supported in [0,5], equal to 1 on [0,£:/2], and such that 

max Ip^I < -. 

We need to show that 

_ p "-jjeing ^ jsing 

in H^{E) as e — > 0. One sees that 

/ IPe/'^^r < / |/'''"^|^ 0, 
Jr<e 

since /"'"s G L^. In the same way, 



1^ fsinq\2 r \fsinq\2 

iPeJ ^1 ^ / 1/ 



C ' Jr<e ^ 



since y«'"s/r G L^. Finally, we also see that 



^ Je/2<r<e J r<e 

< / _ii__L _|_ / |y+jsmg|2 



JE/2<r<E ' Jr<e 

and all of these expressions converge to zero as well. □ 

Applying the claim to approximate /o and /2 in by sections 
with compactly supported singular component combined with fj2.15p . 
we immediately get the lemma. □ 

Now we can come to vanishing of the kernel of ()2.14j) : by Lemma 
12. 9[ we have 

Ker{^^) = K er{D^\ HI ino)) © irer(D*|^i(o.)), 

it is therefore sufficient to prove vanishing of the kernels of D and of 
D*. By duality, we only need to treat the case of D. Harmonicity of 
the metric implies the Weitzenbock formula: 

(2.16) = (V+)*(V+) + ($4®)*$,® 
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(see Thm 5.4.), which then gives by partial integration and Claim 
imH the identity 

(2.17) \\mi^ = \\Dtf\\i + \\m\% 

for any / G /J^(i7°). Suppose now that / is in the kernel of Then 
fl2.17|l implies $5/ = 0, and since $5 is an isomorphism near infinity 
because of the choice ^ ^ P, we also have there / = 0. Again by 
()2.17|) . / is covariant constant. This gives the result, since a covariant 
constant section vanishing on an open set vanishes everywhere. 

2.2. Proof of the Predholm Theorem 

A modification of the usual gluing argument of Fredholm-type the- 
orems works in this case as well. One lets 0i be a cut-off function 
supported in a compact region R outside a neighborhood of the sin- 
gularities, and puts 02 = 1 — (pi. Since ^ is a non-singular first-order 
elliptic operator in R, elliptic theory of a compact manifold implies 
that a parametrix Pi exists for ^ in this region. Next, one considers 
the problem in neighborhoods of the singularities. First, one studies 
the model operators = + (D^)* instead of the Dirac operator 
itself. There are two different ways of treating these: 

(1) either one extends the functional spaces and the model Dirac 
operator onto a natural completion of the neighborhood, which 
can be either a conformal cylinder or a complex line (depend- 
ing on the form of the metric and the functional spaces), and 
defines a two-sided inverse of on this completion 

(2) or one finds directly a two-sided inverse of on a small disk 
around the singularity, with a boundary condition verified by 
any section supported outside a neighborhood of the boundary. 

Let us see how these allow to deduce the Predholm theorem: if we 
take R sufficiently large, then on the support of 02 all of these inverses 
{$')~^ are defined. One then sets 

P : L\S- ®E) — ^ H\S+ ® E) 

p{u) = <PMM + 5^</)2(^^)-n02n), 

j 

and shows that this operator is a two-sided parametrix of ^ on all 
C. This can be done along classical lines, the only difference being 
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that near the singularities we have inverses of the local models of the 
operator and not inverses of the operator itself. Therefore, we proceed 
as follows: first, we study the local models of the Dirac operator around 
the singularities, and establish the isomorphisms as in (jT]) or in (P)). 
Then we prove that the effect of passing to the model operators from 
the global ones at the singularities only amounts to adding a compact 
operator H^{S^ ^ E) L^{S~ (8> E), which then gives the theorem. 

2.2.1. Logarithmic singularities. Let A{p,e) be a small neigh- 
borhood of p G P. Up to a change of coordinates, we may suppose 
e = 1. Identify A(p, 1) \ {p} = S^x]0, 1] via polar coordinates {r,9). 
Since the local model p.20|) is diagonal in the basis {el}, we see that 
the model Dirac operator on this disk 

splits into the direct sum of its restrictions to the rank-one components 
generated by one of the {e^}. Again, we have two cases: first, k e 
{1, . . . Tj} (regular case) and secondly A; G {r^ + 1, . . . r} (singular case). 

In the regular case, by definition the model Dirac operator on a 
rank-one component is just the operator 

^ = d - d* : 5+ = © — = s-, 

which identifies to a projection of the real part of the usual Dirac 
operator on a product of two disks in given by 

a - a* : © ^ 

Since this is known to have an inverse for the Atiyah-Patodi-Singer 
boundary condition, the case of the regular part at a finite singularity 
follows. 

On the singular component near a finite singularity, consider again 
the coordinate change t = — Inr G R"*". The local model of D with 
respect to t is given by 

= d + tfiide + i^fii - (31]- 

r 

(see (ll.2()|l ). Notice that the rank of 5*+ and that of 5*" are both equal 
to 2: we trivialize them using the unit-norm sections (1, r dr A d6) and 
(dr, rd^) respectively, so that both S'^ ® E^i^g and S~ © E^i^g become 
isomorphic to Eg^^g © Egi„g as Hermitian bundles. As we have seen in 
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Lemma IT^ the space H^{A{p, 1), E^ing) is equal to the model space of 
all sections having 



2> 

rdrd^^ < oo. 



'A(p,l) 

By conformal invariance of the norm of 1-forms and dt = dr/r, this is 

{\V4>f + \4>f) dtde < oo, 

with the norm of the 1-form V0 measured with respect to the volume 
form dtd6. This latter is just the definition of the weighted Sobolev 
space Lq^(S'^ x R+,£'sj„g) with one derivative in L^and weight 0. In 
a similar way, the usual L^-space of sections of -E^ing on the disk is 
identified with the space Lt^{S^ x R+, E^ing) of L^-sections with weight 
— 1 on the half cylinder, for 



/ 

J Al 



rdrd^ = [ |0e-f dM^. 

JsixR+ 



'A(p,l) J 3^x11+ 

Hence in the trivialisation (dr, rd6) of , the usual L^-space of 1-forms 
on the disk is identified with the weighted space 

Claim 2.11. Let (r, 6) be polar coordinates around p = p' as above. 
Let k E {r^ ■ + 1, . . . , r} and 

(/, girdr A dB)) (g) ei G C°"(A \ {0}, S+ ® 

Then the value of the model Dirac operator on this section is 



r r J 

In particular, in the unitary trivialisations (l,r dr A d6) and {dr,rd6) 
of and , the operator 

is translation-invariant with respect to the cylindrical coordinate t. 

Proof. This is a direct computation: for /(8>e^ it follows immedi- 
ately from ()1.20|) . For the image of g{rdr A d^) ® el, consider first the 
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smooth form ifdr el supported in a compact region of A \ {0}; then 
by the same formula we have 

{(fdr O ei, {D^yg{rdr A dO) ® ei) = {D^ (ipdr), g{rdr A dO)) 

= -{{de + ifLi)(pdr A d9, g{rdr A d9)) 

= --{{dg + ifii)<^,g) 
r 

= -(V', {de + ifii)g) 
r 

and thus the projection of {D^)*g{rdr /\d9)®e'f. on the dr-component is 
{de+iiJf,)gdr®e'j.. The other component is obtained taking a compactly 
supported smooth form iprdO ® e\: 



{iprdO ® ei, {D''yg{rdr A d^) ® e^) = {D^iprdO) , g{rdr A d^)) 



r 



-dr + g 



and the formula of the claim follows. It implies that is translation- 
invariant because dr = —dt/r. □ 

By definition, the weight is critical for r^^ if and only if there 
exists a non-trivial solution of 

e"*^^(Ae~"*+™', 56""*+™" (r dr A d^)) = 

with some constants A,B E C and a constant G C such that = 0. 
Turning back to the coordinate r again, this is equivalent to having 

(2.18) r^'iAr'e"'", Br''e"'\r dr ^de)) = 0. 

By |17j . if is not a critical weight, then the translation-invariant 
elliptic differential operator 

e-*^^' : Ll\S^ X R+, S+) ^ Ll{S^ x R+, S') 

is invertible, and thus so is 

: Ll\S' X R+, S+) L\{S' X R+, S') 

since 
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is an isomorphism. Therefore, in order to estabhsh the desired isomor- 
phism in the singular case, we only need to check the weight is not 
critical for r^' . 

Applying the claim to the equation ()2.18|) . we see that is a critical 
weight if and only if the system of linear equations 

(z/ + 3?^ - (3)A - i{n + fj.)B = 
i{n + Jj.)A + {u + p- ^ii)B = 

has a non-trivial solution [A, B) G for some G C with = 
(here we have omitted indices j and k of fi and (3 for simplicity). This 
system has a non-trivial solution if and only if the determinant formed 
by the coefficients is equal to 0: 

- {^fi-(3y - \n + fi\^ = 0. 

Since must be 0, this can only be the case if z/ = ^^—j3 = = 0. 
By assumption < (3 < 1, and n is an integer, therefore the only case 
this can hold is when j3 = fi = 0, which is impossible, since we are 
looking at the singular component of the bundle. Therefore, there are 
no non-trivial solutions to ()2.18|) . and is not a critical weight. 

2.2.2. Singularity at infinity. In this section the importance of 
the condition ^ ^ P will come out; therefore we write out the index 
^ of our operators. A neighborhood of infinity in C \ P is given by 
the complementary C \ of a large disk around 0. A natural 

choice of completion of this manifold is of course C, with its standard 
metric \dz\'^. We choose to study the local model in the orthonormal 
basis {e^} defined in p. 211) . This allows us to think of E as the 
trivial bundle C over C \ A(i?), with standard hermitian metric on 
the fibers. By ()1.30p this basis (up to a polynomial scaling factor) is 
a natural one for the Higgs-bundle point of view, so the deformation 
is that considered in ()1.35j) . and the operator near infinity is given 
(up to terms of order r"^) by 

= d+ + ^ ^^dz 

(see ()1.23p ). and a natural extension of it to all of C can be given by 
the same formula. This implies immediately that 

A- ^Id , A* - ^Id , 
= —dz + ^d^ 
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and {D°°)^ = V (the trivial connection) on all of C. For a section 
G L^{^1°) supported in C \ A{R), the condition $^0 e L'^{^1°) then 
automatically holds, and (D^)+0 G is equivalent to V0 G L^. 
Therefore, on sections of supported on the complementary of A(i?), 
the if^-norm is equivalent to the usual Sobolev L^'^-norm. A similar 
argument shows that for sections of Q^, the if^-norm is also equivalent 
to the usual L^^^-norm. Therefore, on all of C, we must consider a 
natural extension of these functional spaces, namely L^'^(C,i7" © Q^). 
In an analogous manner, on S~ we consider the extension L^(C, Q^) of 
L^(C \ A{R), Q^). Therefore, we need to prove the 

Lemma 2.12. On C, the Dirac operator 

(2.19) = - {D^y : L'^i(fi° © fi") — > L^{Q') 

is an isomorphism. 

Proof. Since A is supposed to be diagonal in this basis with eigen- 
values (/ = 1, . . . , ra'), we may restrict ourselves to the study of the 
operator D°° = d + (^; — ^)/2d2; + (^, — ^)/2d^. We need the following: 

Claim 2.13. Denote by A the plain Laplace operator 'V*'V on forms. 
Then we have 



(2.20) 




Proof. This is an easy computation. □ 

Now recall that by the classical theory of the Laplace operator, 
A + with A > is an isomorphism 

(2.21) L2■2(c,^]^■) — >L\c,n^). 

This statement can be for example obtained passing to the Fourier 
transform + A^ of this operator. 

Coming back to our situation, the condition ^ ^ P means exactly 
that 6 — ^ 7^ for any / = 1, . . . ,n'. This immediately implies that 
(imUl is surjective: indeed, clearly Im{{$fy) C © Q?), and 

^|°(^|°)* is surjective by the isomorphism ()2.2ip . For injectivity, note 
that a formula similar to ()2.20|1 holds for the Laplace operator 
as well. This in turn implies that the L^'^-kernel of vanishes. Elliptic 
regularity then shows that the L^'^-kernel vanishes as well. □ 
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2.2.3. Compact perturbation. We wish to prove tliat near eacli 
one of tlie singularities the effect of passing from the global operator 
to its local model, i.e. subtracting the perturbation term only amounts 
to a compact operator H^{S^ ^ E) —>■ L'^{S^ ® E). This then finishes 
the proof of the Fredholm theorem, because the sum of a Fredholm 
operator and a finite number of compact operators is Fredholm. 

Consider first the case of a singularity at a finite point. Recall from 
Lemma 1231 that near pj the space H^{S^ ® E) is equal to the sum 

LlUS+(S)E^J®Ll\S+0E,,„,), 

where Ll'^^i is the usual Sobolev space on the disk of L^-functions with 
one derivative in with respect to Euclidean metric, whereas Lq ^ is 
the weighted Sobolev space defined by 

|2 



/ 








r 





\dz\^ < oo. 

Also, the order of growth of the 1-form perturbation term with 
respect to Euclidean metric is by 1)2.111) at most 0(r"^+*), with 6 > 0. 
We need to prove that we have compact Sobolev multiplications for 
functions on the disk 

(2-22) Lg„^^; L^„^, 

and 

(2.23) -'^ 



euc: 



I- 



Consider first ()2.22|) : since the disk is a compact manifold, for any 
2 < p < oo the inclusion Ll^^^i ^ U'euci is compact. On the other 
hand, 0(r^^+*)dr + 0{r^^^^)r(\6 is in L^^^i for some e > 0. Choose p 
such that 1/2 = 1/(2 + £:) + 1/p; ()2.22|) then follows immediately from 
the continuous multiplication L^^^^; x L^^^; -^Lc/- Now, we come 
to ()2.2Hj) : this is an immediate consequence of the previous, for the 
weighted norm Lq ^ is stronger then L^^'Li- 

Next, let us treat the case of the singularity at infinity. In the 
coordinate w = 1/z we have a second-order singularity on the disk 
A(0, 1/R). Let w = pe''^; by (^T^ the perturbation is 0{p-^-^), and 
the if^-norm of a function (p supported near infinity is given by 



/ M' + m')\dz\'- 

JC\A(0,fl) JA(0.1/R) 



n2 



+ |V0r \dw\'. 
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In particular, in the coordinate w this norm is also stronger then L^^^^i, 
so we conclude from ()2.22j) . 

2.3. L^-cohomology and Hodge theory 

In this section we keep on supposing that we have on one side an 
integrable connection D with singularities in PU {c)o}, with prescribed 
behaviors at these points, given in regular singularities by ()2.11|) and 
at infinity by ()2.1Hj) . In Theorem I2.(il we proved that the deformed 
operators are Fredholm between the spaces and L^; in particular 
their indices agree. We also showed that if the metric is harmonic 
then the kernel of the Dirac operator vanishes, hence the index of is 
equal to the opposite of the dimension of the cokernel Coker{^^), this 
operator being considered between functional spaces as in ()2.14|) . This 
dimension is therefore a constant independent of ^, and it follows from 
the implicit function theorem that the spaces = Coker(^^) define a 
finite-rank smooth vector bundle E over C \ P, the rank being equal 
to the opposite of the index of ()2.14|) . Here we wish to interpret this 
cokernel as the first cohomology of the elliptic complex 

(2.24) L\n° (g)E)^ L\n' ® ^ L\n' (g) E), 

(see Theorem I2.16p . and also as the space of harmonic sections with 
respect to the Laplace operator of the adjoint Dirac operator (The- 
orem I22II)- 

Since the operators in ()2.24j) are unbounded, we need to define their 
domains. In this chapter C^^ stands for smooth sections supported in 
a compact subset of C \ P. 

Definition 2.14. The maximal domain of D\ 

DommaxiDy) = {u e L\Q^) : Du G L\Q^+')], 

where Du G is understood in the sense of currents, i.e. the func- 
tional V G C^{Q''^^) I— » {u,D*v) is continuous in the L^-topology. 

By local elliptic regularity, this amounts to the same thing as Du 
being an L^-section. When it does not cause any confusion, we will 
simply write Dommax(^') for Dommax(-D|nO- It is easy to see that 
if we consider D on its maximal domain, then the kernel is a closed 
subspace of L^, and the image of D on is contained in the kernel 
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of D on VL\ The image of a general differential operator is however not 
always a closed subspace of the kernel. 

Definition 2.15. Fori e {0,1,2}, the z"* L^-cohomology of D is 

Ker{D\Qi(^E)/ I^{D\fi.-i^E) , where both of these operators are consid- 
ered with maximal domain, and the operators not shown in \2. 24 ) are 
trivial. It is denoted by L^H^{D). 

Our aim is to obtain the following: 

Theorem 2.16. The cokernel of ^ defined on H^{S+ E) is equal 
to the first L'^-cohomology of D. 

Proof. Recall that by definition 

Coker{^\Hi(s+(g>E)) = {Im{$\Hi(s+®E)))^ 
(2.25) = {Im{D\H^^no^E))Y H {Im{D%^^n^^E)))^ , 

where A-^ stands for the L^-orthogonal of the subspace A C L^. There- 
fore, it is sufficient to prove the following lemmas: 

Lemma 2.17. The maximal domain of 

D : ®E) — ^ L\VL^ ® E) 

is H^{Vt^ ® E). Similarly, the maximal domain of 

D* : E'iSf ®E) — > L\Q' ® E) 
is H^{VL^ ® E). In particular, the maximal domain of 

^■.L\S+®E) — ^L\S- ®E) 

is H^{S^ ®)E). Moreover, if this latter space is equipped with the norm 
||.||^fi defined in 112.1}) . then ^ is a bounded operator from H^{S^ Cg) E) 
to L^{S-®E). 

Lemma 2.18. We have 

(/m(D*|Hi(o^«£)))^ = ^er(D|2)om^^^(ni«£))- 
Lemma 2.19. The image of D : H^n^'^E) L^{n^®E) is closed. 

Indeed, Lemmas 12.171 and 12.181 together with ()2.25|) imply that the 
cokernel is equal to 

(Jm(D|j3 ))^nirer(D|i3 

(ni(8i£;)/' 
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which in turn is identified to the first reduced L^-cohomology of ()2.24|) . 
i.e. to 



where the bar over the image stands for the L^-closure of that space. 
Lemma 12.191 now concludes the proof of Theorem I2.1(j[ 

Proof, f Lemma I^?TH|) We first show the 

Claim 2.20. The adjoint of the unbounded operator 

(2.26) D*:L\n^^E) — > L\n^ ^ E) 
with domain H^{Q^ C?> E) is the unbounded operator 

(2.27) D-.L^Q'^E) — > L\Q^ ® E) 

with domain Dommax{^^ ® E) ■ 

Proof. (Claim) It is clear that the formal adjoint of ()2.2(j|l is 
()2.27|1 . we only need to prove its domain is Dommax- By definition, a 
section u G L^(f2^) is in the domain of the adjoint operator Dom((D*)*) 
if and only if for all v G H^{Q'^ ® E) we have 

\{u,D*v)\ < K\\v\\ 

with a constant K only depending on u. Now, since v G and u & U', 
by Claim 1231 we can perform partial integration to the left-hand side 
of this formula. Therefore, u is in the domain of the adjoint operator 
if and only if the functional 

V ^ {Du, v) 

is bounded in L'^{VL^ ® E). But this condition is equivalent to Du G 
Li^iyt^ ® E), and the claim follows. □ 

Lemma 12.181 now directly follows from the claim and the general 
fact that the cokernel of an unbounded operator is equal to the kernel 
of its adjoint. □ 

Proof, f Lemma I2.17|) First we need to prove that for a section u 
of L2(fi" (g) E) we have Du G if and only if both D+u G and 
$n G L'^. The "if " direction being obvious, we concentrate ourselves 
on the opposite statement, and suppose in what follows that u is an 
L^-function with Du G L^. 
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We first study the singularity at infinity. For \u\ sufficiently large, 
we have the point-wise estimate 

< 2K\u\, 

where K is the maximal modulus of the eigenvalues of the matrix 
A. Therefore, m G at infinity implies $m G L'^ at infinity, and 
consequently D^u = Du — G L"^ at infinity, and we are done. 

Next, consider the case of a singularity at a finite point. In the 
orthonormal basis p.l7|l . the operators we study are equal, up to a 
perturbation term, to the local models (see p.l8|l . p.2()|l ) 

{D+ycj) = (d + m^j'^d9)(t) 

$^0=P/ii-/3^:)^ + 53/xide]0 

D^0= [d + ^/xi.d^ + (3fJ/xi-/3^)^]0 

To simplify notation, from now on we drop the indices j and k. Note 
that because of Lemma l273| it is sufficient to prove that $^0 and {D^Ycp 
are in L^. Notice also that since the perturbation may mix the 
regular and singular components, a priori it is not sufficient to prove 
for example that (preg ^ L"^ and Dipreg G imply {D^y(j)reg G L^, 
because 150 G does not imply directly D(j)reg G in the presence 
of a mixing perturbation term. However, remark that denoting by ^ 
the part of the endomorphism that takes the regular component into 
the regular one, and a^^, a^^, a^^ the other parts, we have 



2.28) + / |p^ + aiJ0_, + a^_0,e/ 



s.slYsing I ^r,s^reg\ 



A(Pj,£) 

_ \nO(k |2 _ \^3(k . |2 

and this estimate shows that we can treat the two components sepa- 
rately: the left-hand side is finite by hypothesis, whereas the integrals 
of \a^(f)reg\'^ sud \a^4>sing\'^ by Kato's inequality and ()2.12j) : hence the 
same thing holds for the integrals of |D^0regp and (pregl'^ ■ 

On the regular component, the above expressions simplify to = 
{D^y = V (the trivial connection), and = 0. What we need to 
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show is that ^^eg, Dcp^eg G L'^ imphes Vcpreg G L^, if D = V + with 
= 0(r^i+*). Recall that by Kato's inequality and with e > 

chosen sufficiently small we have 



JAtpi.e) JAipi.e) J At 



|2 



'A(pj,e) "''Afe.e) J A{p, ,e)^A{p, ,e/2} 

It follows that 



I \V(t)reg\^ < [ \D(Preg\'+ [ 

Ja(pj,e) "'A(pj,e) J^iPj-.e) 

<2 [ |D0.,/ + 2/ 

JAiv^.e) Ja( 



^reg \ • 



lA(p,.,e) >^Afe,e) 



Now by the hypothesis 0, Dcf) G L^, the right-hand side is finite. There- 
fore V0 G as we wished to show. 

Consider now the singular case: again, we need to show that if we 
have a section G such that Dcf) G L^, then D^cp^ing, ^(psing G L^. 
Here, usual elliptic regularity does not give the claim, because we need 
to deduce that (psing/f G Li^. From now on, we write (p = (psing to 
lighten notation. Decompose cp into its Fourier-series near p^: 



n— — CXD 

Choosing e sufficiently small, we can make the perturbation term be 
smaller on A(pj, e) then v/r for any z/ > 0. Write ffist the d^-term of 
D'(p: 

OO 

Dl(P = {de + ijj)(pde = id9 J] + /^)0n(^)e"'. 

n— — oo 

By this and the estimate on the perturbation, we infer that 



:2.29) =/ + 

yi-'^'^J n— — oo 



2 
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By Hypothesis 11.281 we have 3?/i ^ Z, and so if v is sufficiently small, 
then the last expression can be bounded from below by 

'A(p,e) 

1 



1 /" 

:2.30) -/ ^(|n + gft/.|^ + |53/x 



n— — oo 



As in the regular case, by ()2.12|) the left-hand side of ()2.29p is finite, 
so we see that {D^ycp G V and $^0 e The dr-part ^{(p of $^0 is 
in if and only if 

Again by our main hypothesis 3?;U ^ Z there exists a constant > 
such that 



n— — CX3 n— — oo 



As we have already seen, this last expression is integrable, therefore 
$^0 G L"^ . Since the perturbation is negligible compared to the behav- 
ior 0(r"^) of ()2.30|) . we then also have $0 G L^. We conclude using 
D+cj) = D(l)-^(l). 

By duality, the case of a 2-form vdz A dz is settled the same way. 
The general case (that of ® E) then follows from Lemma 12.91 The 
fact that 

I : H\S+ ®E) — > L\S- ® E) 
is bounded, is then immediate (and has already been pointed out, see 

(jZH). □ 

Proof. (Lemma I2.19j) This is immediate from Theorem 1 and 
Claim EHl □ 

We have established Iemmata l2.18|imil and 0.17| hence we finished 
the proof of Theorem 12.161 □ 

Theorem 2.21. The first L^-cohomology of the complex \2.24\} is 
canonically isomorphic to the kernel of the adjoint Dirac operator 

(2.31) $l:L\S-®E) — >L\S+®E) 

on its domain, or alternatively to the kernel of the Laplace operator 

(2.32) = ^4^1 = -D^Dl - DID^ : L\S- ® E) — > L\S- ® E) 
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on its domain. 

Proof. By duality, we get from Lemma f2. 181 that 

{Im{D\H^no^E}))^ = ker{D*\-Q^^^^^^^,^^^), 
and this imphes 

coKerm\S^ ® E)) = ker{D*\^^^^^^^^,^^^) n keriD\jy^^^^^^^,^^;, 

= ker{$ lDommax(^'®-E))- 

It remains to show that this latter is equal to ker{^^*\'Q^^^^^^^^^^^^. 
It is clear that 

Suppose now u E E) satisfies ^^*u = 0. This means that 

G Ker{^) C Dommax(^) = H\S+ ® E) 

by Lemma 12.171 Vanishing of the L^-kernel of ^ on H^{S^ ® E) (c.f. 
Theorem 12. 6^ gives = 0, that is m G Ker{^*), whence 



□ 



i/r+i(v+)*v+/r+i($®r<i>®/r 

and the corresponding function space 

H'{S+ E) = {f : WfWH^s^^E) < oo} 
Then we have the following. 

Theorem 2.22. The domain of the Laplace operator = is 
H'^{S~^ E). It defines a Hilbert-space isomorphism 

H\S+(^E) — >L\S+(^E). 

Proof. The fact that is a well-defined bounded operator on 
H'^{S^ E) follows from the Weitzenbock formula ()2.16|) . Its maximal 
domain is the set of u G L'^{S^ (8) E) such that ^^u G Dommax(^^)- 
This latter is, by computations similar to Lemma 12. 17^ the Sobolev 
space H^IS" ® E) is with 1 derivative in L^, and weight —1 on the 
irregular component near logarithmic singularities like in Corollarv l2.5[ 



Finally, let us introduce the norm 



C 
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We deduce that the maximal domain of is H'^{S^ ® E), and that it 
sphts as 

H'{S+ ^E)^ H\S~ (»E)X L\S+ ® E). 

Exactly as in Theorem 12 .fi^ the first map is Fredholm with vanishing 
kernel from the Sobolev space H'^{S^ ® E) into H^{S^ (8> E), both 
space being endowed with the L^-inner product. This with the identity 
Im{^^Y = Ker{^*) implies that Ker{A^) = {0} and that /m(AJ = 
Im{^^) = Ker{^^)^ = L^(S^®E). Therefore, is a bounded bijective 
operator from H'^{S^^E) to L'^{S^®E). By the closed graph theorem, 
we conclude that its inverse is also bounded. □ 

2.4. Properties of the Green's operator 

Definition 2.23. Let us call the hounded linear inverse of 
provided by Theorem \2.2S\ the Green's operator of the Dirac-Laplace 
operator, and denote it by 

: L\S+ (^E) — > H\S+ ® E). 

In this section we list the properties of this operator that we will 
need in later chapters. 

Lemma 2.24. is diagonal with respect to the decomposition S*"*"® 
E = {Q°®E)®{Q'®E). 

Proof. Since G^ is the inverse of A^, it is sufficient to prove the 
statement for this latter operator. This comes from the identity 

A, = = {d; - D,)iD, - DD = -DID, - d,d;, 

which is satisfied since D, is fiat. □ 

Lemma 2.25. There exist K,K' > such that for |^| sufficiently 
large and for any positive spinor ip G H^{S^ ® E), the following esti- 
mates hold: 

(2.33) \\G,^\\,.^^^<K\^nm,.,a) 

(2.34) \\G,^P\\^,^^^<K'\^nm,.^a, 

Proof. Since by definition, for any ip the positive spinor G^ip is 
the solution ip of 
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the estimates ()2.33|) and ()2.34|) can be rewritten respectively as 

(2.35) < m-'\\A^ip\\,^c) 

(2.36) ||<^||^,(^) < ir'|enA,<^IU.(c). 
Call ^-energy of over all C the quantity 

(2.37) E{^-^)= [ |V,>r + |<l>e®<^r|d^r. 

Jc 

By partial integration, the Weitzenbock formula ()2.1(j|l and Cauchy's 
inequality we have 

(2.38) EiC,^)= [ {^,A,^)\dzf 

Jc 

Now, as we will see from ()4.46|) . on the complementary of a finite union 
of disks A{qk{C,),£o\^\^^) we have the point-wise lower bound 

(2.39) \<^^(g)ipf >c\^\^\ip\^ 

for some c > 0. Furthermore, we can choose Eq sufficiently small so 
that the balls A{q{^),2eo\C,\^^) are disjoint and do not meet P for |^| 
large. Setting 

B,:= U A{q{0,eo\^n 
we then deduce the estimation 

(2.40) [ |$e®<^nd^|^>c|er / \v\'\dz\\ 

Of course, extending this inequality over the disks A(g(^), eol^l"^) is 
not possible, since has a zero in q{C,)- However, the integral of 
1$^ (8) v^l^ + |V^(/?p does control |^|^ times that of \ip\'^ on the whole 
plane; that is, we have: 

Claim 2.26. There exists c > such that for |^| sufficiently large 
and for any spinor ip we have 

(2.41) E(e;^)>c|er / 

Proof. By Kato's inequality E{C,] ip) can be bounded from below 

by 

f \^^®^\^ + \d\^\\^\dz\\ 



50 2. ANALYSIS OF THE DIRAC OPERATOR 

By ()2.40|) . it only remains to show that for any g(^) G this inte- 
gral bounds from above c|^|^ /a(</(4) eokl-^) Iv'l^l'^^l^' -^^^ some c > (not 
necessarily the same as before). But since on the annulus 

we already have the estimation ()2.39|) . this is just a consequence of 
()2.12|1 applied at the point g(^) instead of Pj to the function g = \ip\, 
with e = eo\^\^^ and 5 = 0. □ 

By the claim and ()2.38|) . we have 
and after dividing both sides by ||(y9||L2(c), we get ()2.H5|1 . 



Plugging ()2.35|1 into ()2.38|) . we obtain 
(2.42) Ei^;^)<K\^n\A,^\\l.,^y 
On the other hand, by the definitions 

V+ =V+ - ^dz + ^dz 

$ =$ - ^dz - -dz 
^ 2 2 

we obtain the point-wise bounds 

^ 1$ ® - ^ien</^r < ® y^i' < 2 1$ ® + leHv^i' 
I iv>r - < I v+ ® I ' < 2 1 + len^r 

and therefore 
(2.43) 

^ll¥'ll?^Mc)-(3|er+l)ll¥'lli.(c) <^(e;^)<2||y.||L.(c) + (2|e^+l)||^||i.(c)• 
Putting together this with (jT^ and ^T^ . we get 

Mi.^a) <2E(e;y^) + (6ier + 2)ii^iii.(c) 

12 

Il2(c) 

12 

Il2(c), 

whence ^ 



<2E(e;^) + 7ieni^r 

<(2K + 7K')|eriA^.V;|'2 



We now investigate what happens to the Green's operator when ^ 
is close to one of the points of P. 
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Lemma 2.27. There exist K, K' > such that for |^— 6| sufficiently 
small and for any positive spinor ip G H^{S^ ® E), the following esti- 
mates hold: 



(2.44) ||G,^l|^,(^)<ir|e-6r W'^UHO) 

(2.45) y,G,^\\,.^^^<K"\^-^,nm,.,a) 

Proof. Analogous to Lemma [2.251 Notice that by partial integra- 
tion and the Weitzenbock formula ()2.16|) one has 

for any positive spinor if. Using this and setting = V the inequal- 
ities to prove can be rewritten as 

(2.46) ll^ll^.(c) <ir|e-6|-'l|A?^IU^(c) 

(2.47) EiC,if)<K"\^-^,n\A,^\\l^^y 

The behavior ()4.fi2|l of the Higgs field shows that outside of a finite 
union of disks A(gs,(^), eo|^ — there exists c > for which we 

have the point-wise lower bound 

(2.48) |<l>4®^|' > c|e-6l>l'- 

It follows that denoting by the union of all the above mentioned 
disks where this estimate may fail, we have the inequality 

(2.49) / \<i>,^v\'\dzf>c\^-^,\' [ \v\"\dz\\ 

It is not possible to extend this inequality to the whole plane; however, 
we have again 

Claim 2.28. There exists c > such that for |^ — sufficiently 
small and for any spinor (p we have 

(2.50) E(e;<^)>c|e-6l' / Iv^n^^^r 

Proof. Similar to Claim 1223 using Kato's inequality and ()2.12|1 
rescaled conveniently by the homothety w = {S, — ^i)z. □ 

This together with ()2.H8j) then shows 

which gives us fl2.46|) . Plugging this back into ()2.38p . we obtain ()2.47p . 

□ 
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2.5. Exponential decay results for harmonic spinors 

In this section we give some analytic properties of A^-harmonic 
spinors. They will be needed in Section IH.H where we study the trans- 
formed flat connection. More precisely, they will allow us to multi- 
ply any harmonic section by exponential factor so that the result 
remains in L^. They will also be of use in the computation of the 
parabolic weights of the transform in Section 14.61 

First we set some further notation. Fix ^ G C \ P, and let (/? be a 
harmonic negative spinor with respect to ^j^^ and p G C \ P any point 
of the plane. Finally, for any spinor ifj (not necessarily harmonic), call 
^-energy of ip in the disk A(p, e) the quantity 

(2.51) E{p,e,i-i^)= [ |V+V^r + |$,®V^r- 

JA(p,e) 

Lemma 2.29. Suppose that there exists Eq > 0, R > and c > 
such that the disk A{p, {R + l)eo) is disjoint from P, and all of the 
eigenvalues of 9^ in any point of this disk are hounded below in absolute 
value by c> 0. Under these assumptions, we have the inequality 

(2.52) E{p,eo,^;y^) < e-^^«- {2Ml.^a) + (21^1' + l)ll^lli^(c)) • 

Proof. Denote by C{p,r) the boundary of A(p, r), and by ^ an 
outward-pointing unit normal vector to it. Stokes' formula gives 

E{p, r, e; <^) = / ((V+)*V+v^ + ($5®)*$^ V. 

+ [ ((V+)^^,^)rd^. 

Since (y? is A^-harmonic, the Weitzenbock formula ()2.16|) implies that 
the flrst term on the right-hand side vanishes. Therefore, by the tic- 
tac-toe inequality, we have 

2 Jc(p,r) C 

On the other hand, we have 

^E(P2li^= f |v,Vr + |$e®,.|Vd^. 

Jc{p,r) 

By assumption, for r < (P + l)£:o we have the estimate 

Jc{p,r) Jc{p,r) 
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Putting together these estimates, we see that 
whence 

dr ~ 

Integrating this inequahty from r = to r = {R + l)eQ, we obtain 
log E{p, eo, < 2c[£o - (i? + l)eo] + log E{p, {R + l)eo, if). 
Taking exponential of both sides, we get 

E{p, £o, < e-'^"^«E{p, {R + l)eo, f) 

and we conclude using ()2.43|) . □ 

Next, we use the above lemma to obtain exponential decay results 
in terms of ^ for the energy of harmonic spinors when ^ is large, first 
in a fixed disk of C away from the singularities P, then near infinity in 
C. In the first case, the statement is as follows. 

Lemma 2.30. Letp G C\P be arbitrary, and let Eq > be such that 
the distance between p and P is at least Ssq. Then for \^\ sufficiently 
large we have the estimate 

IIV='llHi(A(p.eo)) - ^ IIV='IIh1(C) 

for any A^-harmonic spinor ip. 

Proof. Since p is away from P, in the Higgs field 9^ = 9 — ^dz/2 
the term 9 is bounded on A(p, 2eQ). Therefore, if |^| is sufficiently large, 
then the eigenvalues of 9^ on this disk are bounded below in absolute 
value by |^|/4. Apply Lemma 1^.291 with R = l and c = |^|/4 to get 

E{p.e,,i;^) < e--i«i/^ {n^\\i.,o) + (2ier + m^w^o)) 

<5e-l^l/^|enbllL.(c) 

< J_p-'^olCI/3|| 112 

— 22^^ llv^ll_ffi(c) 
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for ^ sufficiently large. On the other hand, we have 



J A(p.,£o) 

(2.53) <[ 2|en¥^|'+ I V+(/^|' + |$e®</^|' 

<33E{p,eo,^;V>), 

where the last line is a consequence of l^^^v^l^ > |^Hv5|^/16 in A(p, ^o)- 
Putting together these two estimates, we get the lemma. □ 

In the second case, we have the following statement. 

Lemma 2.31. For any ^ ^ P there exists Rq = Rq{^) > 0, K = 
K{^) > and c = c(^) > such that for any A^-harmonic spinor (p 
and all R> Rq the following estimate holds: 

Furthermore, if \^\ is sufficiently large, we can choose c = |^|/3 and 
Ro,K constants independent of ^. 

Proof. The proof is an amalgam of that of Lemmata 12.291 and 
12.301 Define the ^.-energy at infinity of a spinor by the integral 

(2.54) E{oo,R,^;ip) = [ | V+<^|' + |$e ® <^|^ 

Choose Rq > and Cq such that for \z\ > Rq the eigenvalues of 9^{z) are 
all bigger in absolute value then Cq. Clearly, such a choice is possible 
because ^ ^ P. Moreover, for |^| sufficiently large one can put Cq = 
1^1/4 and Rq a constant only depending on the initial data 9. For 
r > Rq, we have the estimate 

-E{oo, r,i-^)>-\ f - I I ' + Co|</^| Vd^. 



On the other hand, we have 
dE(oo,r,^;V9) ^ _ 
dr 

By assumption, we have also 



J C(Ojr) 



I 1$^ ® (^|Vd^ > Co / Iv^lVd^. 

Jc(O.r) Jc(O.r) 



Putting together these estimates, we see that for r > Rq 



dr 



< -2coE(oo,r,^;v3), 
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whence 

J — ~^^o- 

dr 

Integrating this inequahty from R to 2R and using ()2.43|) . we obtain 

<(ler + 3)e-^^1I^II^Mc)- 

On the other hand, 

JC\A(0,2i?) 



imphes 



> Co / m 

'C\A(0,2fl) 



i(C\A(0,2fl)) 

for some Kq > 0. This gives the lemma for ^ in a finite region. The case 
of 1^1 large also follows noting that K depends at most polynomially 
on ^. □ 

Since a A^-harmonic spinor is subharmonic in the usual sense, the 
above results also imply point-wise exponential decay on harmonic 
spinors: 

Lemma 2.32. Suppose R > Rq. Then there exists K,c > such 
that for any \z\ > 2R + 1 and any A^-harmonic spinor if we have 

Proof. Because of the condition \z\ > 2R+1, the disk A{z, 1) cen- 
tered at z of radius 1 is contained in C \ A(0, 2R). On the other hand, 
by subharmonicity of ip with respect to the usual Laplace operator, we 
have 

\^{z)\<Ko [ \^{w)\\dw\' 

\Ja{z,1) J 

<kA\ \^{w)\^dw\^ ' 

\Jc^A{0,2R) J 

We conclude using Lemma 1!^. 311 □ 



CHAPTER 3 



The transform of the integrable connection 

In this chapter, we define the transformed parabohc integrable con- 
nection induced by the deformation D^. First, in Section ITTl we define 
the underlying fiat bundle; then in Section 13.21 we show that its be- 
havior at infinity verifies appropriate asymptotic conditions. This then 
allows us to apply the results of (6j in order to define an extension into 
a parabolic integrable connection over the singularity at infinity; the 
same thing for other singularities follows from |21j . 

Before starting these points, we need however to introduce some 
notation. Recall first that P was defined as the set {^i,...,^„'} of 
eigenvalues of the second-order term of D at infinity. Let H —>■ C ^ 
P denote the trivial Hilbert bundle with fibers L^(C, S*" (8> E). By 
Theorem 12.211 the transformed bundle E can be given as the vector 
bundle whose fiber over ^ G C \ P is the kernel of the adjoint Dirac 
operator (^5)*. By the same theorem, such an element is also A^- 
harmonic. Now remark that on the bundle H there exists a hermitian 
metric (., .) which is canonical once a hermitian metric h{., .) is fixed 
on E: for any two elements /i, A G i^^ = L'^{C, E), it is defined 
by the inner product 

(/i,/2)= / h{AJ,)\dz\\ 

Moreover, the trivial connection d on the bundle H is unitary with 
respect to this metric. Let fr^ denote orthogonal projection of onto 
the subspace E^, and i the inclusion E ^ H. 

Definition 3.1. We call transformed hermitian metric the fiber 
metric h on E which is equal on the fiber E^ to the restriction of the 
above defined E^ scalar product (., .) to the subspace E^ C L^(C, 5^ ® 
E). 
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3.1. Construction of the transformed flat connection 

In this section we show that the transformed bundle admits an 
integrable connection, which is determined only by the deformation 
and the . First, we describe its intrinsic construction, then we give it 
in terms of an explicit formula. 

3.1.1. Intrinsic definition. Defining a fiat connection is equiv- 
alent to giving a basis of parallel sections on a disk Bq around each 
point ^0 £ C \ P. Given this, in order to see that it defines indeed 
a fiat connection, one only needs to prove that the transition matrices 
on Bq n Bi between two such bases (corresponding to points and 
are constant. 

So suppose ^0 G C \ P, and let . . . , ff{z) be a basis of the 

vector space E^„. On the basis of Lemma [2.321 for Eq = eo{C,o) > 
sufiiciently small, the expressions 

(3.1) m-z) = rr,{e^^-^'>^^j){z))eE, 

make sense for ^ on the ball Bq = P(^O)^o) of radius Eq centered at ^o- 
Therefore, (restricting Eq if necessary), they define an extension of the 
basis fi, ff of the vector space E^^ to a trivialisation of the bundle 
E over Bq. 

Proposition 3.2. The family of sections liS. ij) for all ^q e C \ P, 
for j G {1, . . . , f}, and for all ^ E Bq define a local system for a flat 
connection D on E C \ P . 

Definition 3.3. We will call D the transformed fiat connection 
on C \ P. 

Proof. (Proposition) Let 7^ be another point of C \ P, 
and ^i(z), . . . , 5f^(z) be a basis for the vector space E^^. According 
to ()3.H1 . the local trivialisation of E near "we need to consider is then 
9i{0^---,9f{0^ with 

(3.2) g,{i-z) = Ti,{e^^-~^^^^g,{z)) 

for ,^ in a small disk Bq around ^q. In order to show that the local bases 
()3.1|1 and ()3.2|1 define indeed a local system, we need to show that the 
transition matrices m(^) between them are independent of the point 
^ G Po n Pq. We will make use of the following: 
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Lemma 3.4. For any G Bq, and any G ker[D^g\S E) we 
have 

Proof. (Lemma) Set k^{z) = e'^^^^"^''ko{z); we need to prove that 
7r,,[e(«'-«)^7r,(A;,(^))]=7r,,(e(«'-«)^A:,(^)), 
or equivalently that 

7r,,[e(«'-«^(Id-7r,)(fc,)] = 0, 
which is still equivalent to 

(3.3) e(«'-«)^(Id-7r5)(fc^)±4'- 
Since tt^ is orthogonal projection to E^, we have 

(3.4) ild-n,)ik,)eE^. 
Moreover, observe that for .^q and ^ fixed, the relation 

(3.5) e(«-««)M},„ = D,^ - (e - ^o)dzA = D„ 

holds, and so 
(3.6) 

k^ = e'^^-^"^'ko G e'^^-^"^'ker{D^„) C ker{D^) = Im{Dl)^ = Im{D^)®E^. 

From ()3.4j) and ()3.6j) it follows that (Id — Ti'^)k^ G Im{D^). Now using 
(ITHI) for (f -0 instead of (^-^o), we deduce that e'-^'-^^'{ld- Tf^)k^ G 
Im{D^>), whence ()3.3|) . This finishes the proof of the lemma. □ 

Let us now come back to the study of the transition matrix: let 
G BoH Bq, and suppose we have 

r 

(3.7) f^{^) = J2m,M0, 

1=1 

where {rriji) is the transition matrix between the two bases at the point 
^. Lemma [3.41 means that for |^ — sufficiently small, we have 

(3.8) m') = ^Ae'''-''"m) 

(3.9) m')=^Ae'''-'^'9iiO)- 



60 3. THE TRANSFORM OF THE INTEGRABLE CONNECTION 

Now plugging ()3.7p into ()3.8|) . then using ()3.9|) we obtain 

r 
r 

1=1 

so the transition matrix at the point ^' is the same as the one at ^, 
whence we obtain the Proposition. □ 

3.1.2. Explicit description. We now give an explicit formula for 
the fiat connection constructed above. In the sequel we follow |15j . 
First define a unitary connection on E with respect to the transformed 
hermitian metric by 

(3.10) V = fr^odoi. 

The fact that this connection is indeed /i-unitary can be seen as follows: 
let f,gE T{E) be local sections around then from orthogonality of 
TTj to E with respect to the norm (., .) we have in 

d(M/,^)) = d(/,^) = (d/,^) + (/,d^) 

where d stands for exterior differentiation of functions along the coor- 
dinate ^ as well as for the trivial connection with respect to ^ on the 
trivial Hilbert bundle H. Finally, we define an endomorphism-valued 
(l,0)-form (a candidate to be a transformed Higgs field) by mapping 
a A^-harmonic section /(^; z) to 

(3.11) e,{fi^;z)) = -h,{zf{^;z))d^, 

where d^ stands for the standard generator of the holomorphic (1,0)- 
forms on C. This field will indeed be holomorphic provided that the 
original metric h is harmonic (see Section 021) • 

Proposition 3.5. The connection V + 2^ is equal to the trans- 
formed flat connection D defined above. 
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Proof. We need to show that for all and all f{z) G E^^, the 
local D-parallel section in ^ G -Bq given by 

(3.12) /(e;^) = vr,(e(«-«")V>)) 

is parallel in Bq with respect to V + 29. First, let us check it in ^o- 

((V + 2e)mo) = ^.oiidMo) - zf{^o)dQ. 
We observe that by ()3.12|) we have 

hence 

Now o TT^ = TT^ implies 

dvr^ o vTj + vr^ o dvTj = dvr^, 

therefore 

^eo[(d^?)eo/(eo)] = (drr,)eo o (Id - vr,J/(eo) = 0, 

since tt^^ is the projection to E^^ and /(^o) ^ E^^. 

Next, fix an arbitrary C, & Bq. Then, as we have just shown, the 
local section defined for — ^| sufficiently small by 

is parallel in ^ (compare with ()3.12|1 . setting = ^, ^ = ^')- But Lemma 
Kl 41 tells us that the local sections /' and / coincide in a neighborhood 
of ^; in particular / is parallel in ^. □ 

The following is now immediate: 

Proposition 3.6. The unitary part of the transformed flat connec- 
tion D is 

i)+ = V + ^ - r = o (^ - ^zd^ A +^zd^A). 

Definition 3.7. We will call the above unitary connection the 
transformed unitary connection. The covariant derivative associated 
to it will be denoted 
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Remark 3.8. The fact that the formula for the transformed unitary 
connection involves extra multiplication terms by z and z compared to 
the usual formulae of other Nahm transforms is an artifact: as we will 
see in the next chapter, the transform admits an interpretation from the 
point of view of Higgs bundles, in which the formula for the transformed 
unitary connection agrees with the usual one. 



3.2. Extension over the singularities 

At this point, it should be pointed out that a priori we have no 
guarantee that the constructed flat connection is indeed of the form 
given in |Hj (and therefore extends nicely over the singularities); that 
is, in an orthonormal basis with respect to its harmonic metric it is not 
necessarily the model ()1.20|1 up to a perturbation described in ()2.1H1 
and ()2.13|) . However, there is a theorem of O. Biquard and M. Jardim 
which allows us to show that this is the case. Namely, Theorem 0.1 of 
[Jj states the following: 

Theorem 3.9. Let A be an SU{2)-instanton on R'', invariant with 
respect to the additive subgroup © Z^, and suppose that its cur- 
vature F4 has quadratic decay at infinity (that is, 1-^41 = 0(r"^), where 
r'^ = x\ + xl). Then there exists a gauge near infinity in which A is 
asymptotic to the following model: 



Aq = d + i(^Xidx3+X2dx4 + (/ii cos 6* — /i2 sini 



dxs 
r 



+ (/ii sin6' + /i2 cos^^) h adO 

r 

where z = re** are coordinates for the {x 1^X2) -plane. Moreover, the 
difference a between A and this model satisfies 



In order to be able to apply this result to our case, consider the 
Euclidean space (R"*)* spanned by orthonormal vectors for j = 
1, 2, 3, 4, and identify the subspace spanned by and with the line 
C with complex coordinate ^ underlying D. By the results of [TSl, D 
then induces an instanton A on (R"')* with singularities, invariant with 
respect to the subspace R^ ©R^. In particular, A is invariant with 
respect to Z^ © Z^, so Theorem 13.91 can be applied to it, provided 
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that its curvature has quadratic decay. In order to have an exphcit 
description of A and its curvature, remember that D decomposes as 

I) = v+ + ^ + r, 

where V+ is the transformed unitary connection, 9 the field defined 
in (j3.1Hl and 6* its adjoint with respect to the harmonic metric of D. 
Now as we will see in Section 14.21 this harmonic metric is in fact the 
transformed hermitian metric h given in Definition 13.11 The unitary 
part of D decomposes further into its (1,0)- and (0, l)-part: 

V+ = (V+)^^" + (V+)°'\ 

Finally, we write for the endomorphism-part of 9: 

§ = M^. 

The instanton over (R"*)* corresponding to D is then given by the 
formula 

i = v+ + mdx; + '^Mxi, 

where we recall that 

d__l f_d d_\ 

2 \dxl dxl) 

is the natural complex coordinate of C, and the connection on (R**)* 
acts as V+ along C and as the trivial connection along R^j^ © Rt^- 
Furthermore, as it can be seen from the results in Section 1 of |12j . we 
then have the formula 

= -[&, r](dxj A dx; + dx; a da;*) 
(3.13) + (y+),^m{dxl A da;; - dx^ A dxl) 

+ iV+)xi'^Hdxl A dxl + da;; A da;;), 

where we have written (V^)a;. to denote the action of the unitary con- 
nection in the ^-direction. Hence, before we can apply Theorem 13.91 
we need to check the following: 

Theorem 3.10. There exists a constant K > such that the com- 
mutator ['d,d*] is bounded by K\^\^'^ as ^ oo. The same estimation 
holds for V^d. 
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Proof. We start with the case of the commutator. Let f{^',z) G 
= Ker{^^)* be arbitrary; we wish to show the estimate 



with K independent of / and of ^. Recall the well-known formula from 
Hodge theory: 



(3.14) 

Using this, we obtain 



TTj = Id - 



(3.15) 



[^,^1/(0 = --7r,(^7r,(^/(0) - -zH^fm 



Since is a connection, the following commutation relations hold: 



[D^, z] = dzA 



[D^,z] = dzA 



where l stands for contraction of a differential form by a vector field. 
It follows immediately 



(3.16) 
(3.17) 



d 

t, z] = dz A -7— L= dz- 

^ oz 

d 

t, ^1 = d^ A -7^L= dz- 

^ oz 



where the Clifford multiplication ■ is defined by these formulae. Plug- 
ging these in the expression ()3.15|1 . using ^|/(^; z) = and 7r^|/m^* = 
together with the definition of h, we get 



[^,^1/(0 



(3.18) 



_ 1 
/; ~ 2 
1 

< - 



7T,{dz-G,dz-f{0-dz-G,dz-f{0 

1 

L2(C) 2 



G,dz ■ /(O 



G,dz ■ /(O 



since the norm of the orthogonal projection of a vector to a subspace is 
at most the norm of the vector and the action of Clifford multiplication 
by dz and dz is point-wise bounded. We conclude by the first statement 
of Lemma 12.251 
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Next, let us come to V+i^. Similarly to the above, using ()3.14p and 
the commutation formulae ()3.16p - ()3.17|) we obtain 



d-|de + ^de)vr, 



TT 



d-|de + ^de 



fde + ^de)/(o 



-deAd2;--deAdz 



d2 



dz 



■ ( Jd^ A d^ 



-df A d^ 
2 ^ 



(here dz and dz act on the spinors by Clifford multiplication, whereas 
d(^ and d,^ by wedge product). Noticing that |d,^| = |d,^| = 2, the first 
term in the last expression can be treated exactly as in ()3.f 8|1 . For the 
second term, one only needs to remark that the commutation relations 



d,i5. 



d,D-|dz + |dz 



d^ A d^A ^ d^ A d^A 



and 



show that 



d,D: 



d^A d d^A d 



2 dz 



2 dz 



= -ide A dz ■ +^de A dz- 

holds. Therefore we can proceed again as in ()3.18|) . □ 

On the basis of Theorem 13.91 the behavior of the transformed flat 
connection at infinity satisfies the hypothesis considered in Namely, 
in a suitable gauge its difference from a model with second-order pole 
is in the weighted Sobolev-space L[:l^g{Q^ ® E) considered in Section 
2 of that article. Indeed, passing to a coordinate w = z~^, \w\ = p in 
which the double pole is in 0, the norm of the perturbation is 0{p^^^), 
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whereas that of its derivative is also 0{p^^^) (because the norm of 1- 
forms near infinity is \(\.z\ = \dw\/\w\ = 1), and we conclude since 
p^+& I e Ll_r^. It follows from the results of its Sections 7 and 8 
that the analytic fiat connection D defined outside infinity extends to 
an algebraic integrable connection with a parabolic structure on the 
singular fiber at infinity. On the other hand, such an extension over 
logarithmic singularities (that is, singularities in which the eigenvalues 
of D or equivalently those of d have at most first-order poles) is ensured 
by Theorem 2 of |21j . Therefore, by Theorem l4.3Ul the fiat connection 
D on C \ P can be extended into a meromorphic integrable connection 
on CP with parabolic structures at the singularities. 

Definition 3.11. The transformed meromorphic integrable con- 
nection is the meromorphic integrable connection with parabolic struc- 
ture in the singularities induced by the above extension procedures, sub- 
ject to local changes of holomorphic trivialisations near the singularities 
to take all weights between and 1. We will continue to denote it by 
{E,D). The underlying extension will be called transformed extension 
of the transformed bundle. 

Remark 3.12. We will see in Section that the parabolic struc- 
tures are adapted to the harmonic metric; namely, the weight < cXk < 
1 of a subspace F^Elp of a singular fiber corresponds in local coordinate 
z vanishing at the puncture to a decay bounded above by \z\'^°"' of the 
norm of a parallel section extending an element of FkE\p, as measured 
by the harmonic metric. However, in Sections \4-4-^ ^'^^ 4-4-^ '"'^ will 
construct a different extension over the punctures - more suited to ana- 
lytical study where the behavior of the norm of parallel sections near 
the singular points will no longer be bounded. We then pass back to the 
transformed extension in Corollary^^^ where we remark that it is the 
one that establishes a "good" correspondence. 



CHAPTER 4 



Interpretation from the point of view of Higgs 

bundles 

Let {E, D, h) be a Hermitian bundle with integrable connection. 
Throughout this chapter, we suppose that the original metric h is har- 
monic. This metric then defines a Higgs bundle (£, 6) starting from the 
integrable connection, via the procedure described in Section 11.61 We 
first prove that the transformed metric h is then harmonic for D. Next, 
we give an interpretation of the transformed Higgs bundle of {8., 6) in 
terms of the hypercohomology of a sheaf map over CP\ These results 
will then be used to define the induced extension 8, of the transformed 
bundle over the punctures P U {cxo}, and to compute the topology and 
the singularity parameters of this extension of the transformed Higgs 
bundle. This will enable us to eventually compute the topology and the 
singularity parameters of the transformed Higgs bundle with respect 
to its transformed extension given in Definition Kill! 

4.1. The link with the transformed integrable connection 

Recall that we have defined the deformation of the Higgs bundle 
by the formula ()1.H5|1 . and we write D'^ for the Z)"-operator of this 
deformation. Explicitly, we have 



where 9^ = 9 — ^/2(lz. Moreover, as we have noticed in Section fl.8[ 
nonabelian Hodge theory identifies the deformation of the Higgs bundle 
structure p.35|) and that of the integrable connection via the unitary 
gauge transformation 



In other words, writing g^^ = g{-,^) for the gauge transformation re- 
stricted to the fiber H^, we have 



D'^ = D" + 9, 



[fz-Cz]/2 



(4.1) 




67 



68 



4. HIGGS BUNDLE INTERPRETATION 



Since the gauge transformation is unitary, in addition to ()4.1|) we 
have as well 

(4.2) g,.Dl = (Dfy. 

Definition 4.1. The operator = Df - (Df)* will be referred to 
as the Higgs Dirac operator. In the same way, we let ^'^ stand for the 
Dirac operator D'^ — {D'^)*. The transformed smooth bundle underlying 
the Higgs bundle is the bundle V over C \ P whose fiber over ^ is the 
first L^-cohomology space L'^H^{Cf) of the operator D" . 

Proposition 4.2. This way we define a smooth vector bundle V . 
Furthermore, there exists a canonical bundle isomorphism between the 
smooth bundle E underlying the transformed integrable connection and 
the smooth bundle V underlying the transformed Higgs bundle. 

Proof. Theorem 12. 161 tells us that the transformed bundle under- 
lying the integrable connection is the bundle of first L^-cohomologies 
of D™*. For any ^, the gauge transformation g^ of E induces a natural 
isomorphism between the L^-cohomology spaces of the complexes ()1.7|) 
and 

(4.3) ® E n'®E vl" ® E. 

which is just . In Theorem I2.(il we have shown that the 0-th and 2- 
nd cohomology of vanishes for all e C \ P, whereas Corollarv 12.71 
implies that the cohomology spaces L^H^{Q^) define a smooth vector 
bundle over C\P. This then implies the same thing for C^^^, whence the 
bundle isomorphism between the bundles over C \ P in question. □ 

Theorem 12 . 2 1 1 has the following interpretation: 

Theorem 4.3. The first L'^ -cohomology = L'^H^{Cf) of the op- 
erator is canonically isomorphic to the kernel of the adjoint Dirac 
operator 

(4.4) i^^y : L'{S- ® E) L\S+ ® E) 

on its domain, or alternatively to the kernel of the Laplace operator 

(4.5) Af = (4^)* : L'{S- ® P) ^ L'{S- ® P) 
on its domain. 
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Proof. Apply the gauge transformation g to Theorem 12.211 and 
notice that P?T|l and imply 

(4.6) gJl = i^fr 
and 

(4.7) g,.A, = Af ; 
and in particular that 

(4.8) giiKeri^D) = KerH^fY) 
and 

(4.9) g,{Ker{A,)) = Ker{Af). 

□ 

This result enables us to put similar definitions as in the integrable 
deformation case. 

Definition 4.4. The hermitian bundle metric on V given by 
scalar product of the {^^)* -harmonic representative will be called the 
transformed hermitian metric, and will be denoted by h. Also, will 
stand for h-orthogonal projection of L'^{S^ ® E) onto V . 

Remark 4.5. Starting from a Higgs bundle with any Hermitian 
metric (not necessary harmonic), we can define in the same way its 
transform on the transformed bundle V . 

Next, we recollect the above considerations in terms of the trans- 
formed bundles. 

Proposition 4.6. The family of gauge transformations g induce 
a Hermitian bundle isomorphism between E and V . Furthermore, the 
fiber can be identified with the first L^-cohomology of the single com- 
plex associated to the following double complex, denoted by T)^: 

fio-i ® E Q^(^E 



Q^^E ® E. 

Remark 4.7. Notice that commutativity of this diagram follows 
from the hypothesis 3^6 = 0, which is just the definition of the har- 
monicity of h. 
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Proof. By ()4.9|) .the Dj-harmonic representative of a class is mapped 
by g into a i5|^-harmonic class. Since the transformed metric from both 
points of view is induced by L^-norm of the harmonic representatives, 
and g is unitary, this gives the first statement. For the second, remark 
that by Theorem 11.251 the Laplace operator is equal (up to a fac- 
tor of 2) to the Laplace operator A^' = ^^'(^^')*, therefore their kernels 
coincide. This then identifies V with the first L^-cohomology of the 
complex 

(4.10) Vl"" ® E ® E ® E. 
Finally, recall that the formula 

Dl = 0^ + 9^ 

gives the decomposition of D'^ into its (0, 1)- and (1, 0)-part respec- 
tively. This means that the complex ()4.1()j) is the single complex asso- 
ciated to the double complex 2?^. However, it is not necessarily true 
that the domain of D'^ is the sum of the domain of and that of 6^, 
it could in principle be larger. Still, the two L^-cohomologies are the 
same. Indeed, suppose / = /^'''d2;-|-/"'^d^ G L'^{Q^^E) is in the kernel 
of D'l, that is 

(4.11) d^f'°dz + e^Af'dz = 0. 

We wish to represent the D^'-cohomology class of / by a class /^'°dz -|- 
/"'^dz such that 5/^'° G and 6'^/°'^ G L^. Away from logarithmic 
singularities, one can simply choose / itself, for there locally f^'^ G 
implies ^^/"-^ G and by ^TT^i then (9^'" e as well. Thus we 
only need to modify / in a neighborhood of the logarithmic punctures. 
By Claim I^TTl near any such puncture we can find g G L'^{E) such that 
e^g G L2(fii'0 ® E) and 

f-^dz + d'-g = 0. 

Using 3^6^ = 0, the last two identities then also imply 

d^{f'-"dz + e^g) = 0. 

Put f^'°dz = f^ °dz + 9^g] as both /^'° and 9^g are supposed to be in L^, 
so is f^'^^dz. This then shows that / is cohomologuos in the complex 
of ()4.10|) to a class locally represented by a section f^^'^dz, where /^^" G 
and f^'° G E^ . In different terms f^'^dz G Dommax(<9^), and this 
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shows that the first L^-cohomology of ()4.10|) is indeed equal to that of 

Next, let us investigate what the transformed integrable connection 
D and its unitary part £)+ become under this gauge transformation. 
Notice that since the gauge transformation g is unitary, the orthogonal 
projection vr onto E is transformed into the orthogonal projection 
onto V, with respect to the same L^-metric on the fibers; in different 
terms = tt^ . The image of the transformed integrable connection 
D under the gauge transformation g in the point ^ is given by 

D" = g-D 

(4.12) =g.{TT^o{d-zd^A)) 

(see (jH.lOj) . (jH.llj) and Proposition^!^, and that of the candidate Higgs 
field is the endomorphism 

0"" = g.e 

(4.13) =g.in,o{-z/2d^A)) 

= -^Trf (^d^A). 

Therefore, if we decompose the transformed fiat connection in the point 
of view of Higgs bundles into its unitary and self-adjoint part, we obtain 

(4.14) {D")+ = Trf (d) {D^y = e" + {§")* 

(these formulae can also be deduced directly from Proposition I3.6|l . 
This then gives the desired interpretation of the transformed unitary 
connection in this point of view. 

Definition 4.8. We let stand for the {0,l)-part of {D^Y ■ 
Moreover, we call the holomorphic bundle V with partial connection 
the transformed holomorphic bundle and we denote it by E,. 

4.2. Harmonicity of the transformed metric 

In this section we prove the following result: 



Theorem 4.9. If the original metric h is harmonic, then the same 
thing is true for h. 
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Proof. First remark that by ()4.14|1 . the formula for is 7r|^(d ). 
Also, the (l,0)-part of [D^y°- is just 6" . By definition, harmonicity of 
the transformed metric h resumes then in the equation 

(4.15) d'^e" = 0. 

By Proposition EH we have % = L^H^D^), with D'^ = D" - ^/2dz. 
From this formula it is clear that D'^ depends holomorphically on ^, so 
we are in the situation described in part 3.1.3 of |10j of chain complexes 

varying holomorphically with ^. There it is shown that if the first 
cohomology spaces of these complexes are all finite dimensional, 
of the same dimension, then the bundle V constructed out of them 
over the parameter space of ^ carries a natural holomorphic struc- 
ture. Explicitly, this is given by by saying that a section / G r(V^) 
in a neighborhood of .^o is holomorphic if and only if it admits a lift 
/ G T{Ker{D'^\Q_^)) which is itself holomorphic with respect to the 

-0,1 

holomorphic structure induced by the (0, l)-part d of the trivial con- 
nection d on the Hilbert bundle H. This holomorphic structure is the 
same as the one defined by the operator 9^, since both are induced 
by d and tt^. The section 9" G EndiV) ® Q}-^ is then holomorphic 
for this holomorphic structure if and only if it maps each holomorphic 
section / into a holomorphic section. In particular, this is the case if 
it admits a lift 

Ker{Dl\n^) — Ker{D'iy) ® 

® n^, 

such that 

(1) passes to the quotient ii'er(D^' I oO Ker{D'^\^i) j Im{D'^\^Q) = 
V^, the quotient being 9^ , and 

(2) is holomorphic with respect to the holomorphic structure 

-0,1 

induced by d . 

Recall from Section 1^7^ that Ker{D'^\Qi) is a closed Hilbert subspace 
of H^] call TCxeriD") orthogoual projection of to it. We now claim 
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that the map 



e : Ker{D''\n.) — ^ Ker{D''\n.) ® Q 



--T^Ker{D-){D'^{zg^{z)))d^ 



h ^ -lfKer(D'^){zf^{z))Ai 

verifies the hypotheses needed. 

For ((H), we need to show 9(/m(i5^'|oo)) C /m(D^'|oo). Let be a 

local section of the trivial Hilbert bundle L'^{E) C. Then we have 

1 

2' 
1 

'2' 

= ~D'l{zg,{zm, 

because the operator D'^ = 3^+6^ commutes with multiplication by z, 
and Im{D'^\Qo) C Ker{D'^\Qi). This shows that /m(D^'|no) is invariant 
by 9; the quotient is clearly 9^ . 

Next come to (j2]): we remark that the formula defining B only 
depends on ^ via the projection HKerio'^)- But since the operator D'^ 
depends holomorphically in ^, so do the subspaces Ker{D'^), and since 
the metric is independent of ^, the same thing is true for the projections 
TTKer{D'^)- Thls shows that 0, and so 6^ is holomorphic in 1^. □ 

4.3. Identification with hypercohomology 

In this section we will often use basic properties of hypercohomol- 
ogy; for an introduction to this topic, we refer to and [5]. 
Before we start, we need to define the functional spaces 

L^E) = Dommax(-D^'| 

= {u G L\E) : ^5 Am, as G L^} 
q{n''' 0E) = Dommax(/^e loo.i^^) 

= {vdz G L\Q°'' ^E) : e^A vdz G L^} 

= {udz G L\Q' ° ® E) : B^iudz) G L^}, 

for the Euclidean metric |dzp on C and the hermitian metric h on the 
fibers, adapted to the parabolic structure with weights {a{, . . . ,al}. 
Notice that we may drop the index ^ of these spaces, since they all 
coincide: indeed, in a logarithmic singularity the deformation ^d^; is 
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bounded, and at infinity the condition ^ ^ P implies that no eigenvalues 
of 9^ vanish, and this gives equivalence of the corresponding norms 
exactly as in Lemma 12 .31 We identify these functional spaces to the 
sheaves of their local sections. In what follows, we are going to define 
sheaves £ and J of sections oiVL° ®E and ®E respectively on CP^ 
with the property that the L^-cohomology L^H'{D'^) of ()4.10j) identifies 

to the hypercohomology EI*(£ 3") of the sheaf map £ 3^. This 
latter is then explicitly given in terms of a sky-scraper sheaf over the 
zero set of det{9^) by a simple use of the spectral sequence of the 
double complex. 

4.3.1. Definition and resolution of the sheaves. Recall that 
the parabolic structure on £ with adapted Hermitian fiber metric means 
that the holomorphic bundle £ on C \ P has a natural extension to all 
CP^: the holomorphic sections at a singular point are the holomorphic 
sections outside the singularity which are bounded with respect to the 
metric. By an abuse of language, for U C CP^ an open set let E\u be 
the set of holomorphic sections of the bundle £ in U. In other words, 
we denote by £ the sheaf of local holomorphic sections of £ (extended 
over the punctures as above). 

Next, let us define 5": for an open set U C CP^ containing no 
singular point, let 3^\u be the set of 5^ -holomorphic sections of Q^'^^E. 
If U contains exactly one singular point Pj G P (and does not contain 
the infinity), then let 3^\u be the set of 9^-meromorphic sections adz 
of ® E such that a be 9^-meromorphic in U with only one simple 
pole at Pj, and such that its residue in this point be contained in the 
subspace Im{Res{9,Pj)). Finally, if U contains the infinity (but no 
other singular points), then let 3^\u be the set of all 5^-meromorphic 
sections adz of ® E with a double pole at infinity, and no other 
poles in U. Notice that since in the coordinate w = 1/z of CP^ the 
section dz has a double pole at infinity, this amounts to say that a 
is a (9^ -holomorphic section of E in U. Writing a = Ylk fk^'^T ^^e 
holomorphic basis p.30|) at infinity, it is still the same thing to say that 

be a holomorphic function in U for all k (in particular bounded at 
infinity). It is easy to check that this way we defined a sheaf. 

We introduce some further notation: set f = a/1 + \z\'^ on C; then 
for a G {0, 1} we denote by fl/^(i7'''° ® E) the space of sections u of 
QaM £1 such that r^^u G L^. This way we only loosen the condition 
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on the behavior of u at infinity with respect to L^, namely that r~^u 
be in in a neighborhood of infinity. It is immediate that there exist 
an inclusion of vector spaces 

(4.16) L\Q'''°^E)^rL''{Q'''°^E). 
Lemma 4.10. The sequence 

(4.17) 8,^fL\E)^L\n°^'^E) 
is a resolution of £ . 

Proof. It is known that away from the singularities, the sequence 
of usual L^-sections with respect to Euchdean metric gives a resolution 
of the sheaf of holomorphic sections. Therefore, we only need to show 
that ()4.17|) is a resolution at the singularities. 

Consider first pj G P. We first prove that ()4.17|) is locally exact 
in fU'{E). Let E be trivialized in A(pj, £:) by the local sections {cr^} 
given in ()1.27|1 . As we have seen in ()1.28j) . in this trivialisation up to a 
perturbation term = diag{Xl)dz/z, with A;^ = {fil — and the 

parabolic weights are given by al = ^{fil) — [^{fil)]. By definition, 
any holomorphic section a of E^ can be given as a sum J^k'^l'^k: where 
(pi are holomorphic functions defined in A{pj, e), in particular bounded 
by a constant K. This implies that a G L'^{E), so that a G L'^{E) if 
and only if ^ A o" G L^. Recall that is defined with respect to the 
parabohc structure {al}, and that the perturbation term in 9 behaves 
as 0{r~^^^) with S > 0, where r = \z — Pj\. This implies that 



-^^(Pj'^) k=l k=r,+ 

<K" I Y^\r~'+'\'' + K" I J2 

^ 1 1 ^ I ! 



fe=l k=r j+1 

By Hypothesis ll.28[ > for all j G {r^ + 1, . . . , r}. It then follows 
that this last expression is finite, which proves that any holomorphic 
section of E is in L^. On the other hand, if a section a = ^I'^l of 
E is meromorphic in Pj, then there is at least one k G {1, . . . , r} such 
that (pi has a pole in Pj. Suppose G {1, . . . ,rj}: then |0icr^J ~ 1/r, 
and a is clearly not in L^. Suppose now k G {r^ + 1, . . . , r}: then again 
by Hvpothesis 11.281 we have 7^ 0, and therefore \9 A 4>ial\ ~ r"^+*, 
and so 6 A a ^ L'^. Hence, the sections of L'^{A{pj,e), E) in the kernel 
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of are exactly the local holomorphic sections of E, in other words 
the local sections of £. This shows local exactness in L'^{E). 

The next thing we show is that in A{pj,e) the complex ()4.17|1 is 
exact at (g) E): let vdz e P{A{pj,e), ® E) be an arbitrary 

section; for £ > sufficiently small we wish to find u G L^(A(pj , e), E) 
such that 

(4.18) d^u = vdz 

We can suppose without restricting generality that v = fa{, with / a 
function defined in A(pj, e). Since a{ is a holomorphic section of E, 
solving ()4.18p boils down to solving the usual Cauchy-Riemann equa- 
tion on the disk 

(4.1.) ^ 1^/ 

with u = gal G L'^{A{pj,e), E). Exactness near a singularity at a finite 
point is given by the following claim: 

Claim 4.11. For / G the equation \4-l^ has a solution g such 
that gr~^^^ G for any 6 > 0. For f such that fr" G with 
< a < 1, ^■19{ ) has a solution g such that gr^^^" G 



Proof. The first statement is established combining the usual res- 
olution of the Cauchy-Riemann equation for / G by an L^' ^-function 
g and the estimation ()2.12|1 . 

The second one is a direct consequence of Proposition 1.3 of j4]. 
One might also prove it by direct estimations on the solution given by 
the Cauchy kernel, as in [2]. □ 

Now let us come back to exactness at a singularity in a finite point: 
for the regular case k G {1, . . . , Tj} we have f & and \9 A gal\ < 
1^1^-1+5^ so we can apply directly the first statement of the claim; for 
the singular case A; G {r^ + 1, . . . , r} by definition |^A/cr^d5| ~ 
is in with a > by Hypothesis ll.28[ therefore we can apply the 
second statement of the claim. Remark that in this case even a stronger 
condition then the assumption /r" G E^ of the claim holds. However, 
we will need the claim in its full generality to show exactness at infinity. 

We now come to exactness at infinity. Recall that ^ ^ P implies 9^ 
is an isomorphism L'^{VL°'^) L^iQ}'^) for h G {0, 1}. Therefore, the 
sections at infinity of the sheaves L'^{DP'^) and L'^{DP'^) coincide. First, 
we consider exactness in rL'^{E) = rL^{E): by the definition of £, its 



4.3. IDENTIFICATION WITH HYPERCOHOMOLOGY 



77 



local sections are the holomorphic linear combinations a = '^^4'^'^^ ■ 
First we check that these sections verify r"^cr G L"^: since |0^| < K and 
|(T^| ~ r~"^ with > by Hypothesis II ■28[ we see that r'^(j)'^a'^ G 
L^. On the other hand, if we have a section a = Ylk^T'^'k' 
kernel of 9^, then for all k the function 0^ is either holomorphic or 
meromorphic; but if r^^a G L^, then it implies that 0^ is holomorphic 
for all k. This proves exactness in the first term. 

Next we come to the term L'^{Q°'^ ® E): for a section vdz G L^(C \ 
A(i?),fi°'i (g) we search u G rL2(C \ A{R),E) such that = v. 
Suppose V = fa^ and u = ga^ again. In the coordinate w = 1/z = 
pe~^ on A(0, l/i?) we find (for simplicity we took R = 1 and wrote 
A = A(0,l/i?) ): 

i/iv"-v^r= / i/iv--|d^r < oo 

I |(7|V"-^|d«;|^ = f |(7|V-2-^"|d;2|^ < oo. 

J A Jc^A 

On the other hand, the Cauchy-Riemann equation 

— = / 

dz 

transforms into 

^ = _Z 

dw w'^ 

and we conclude applying Claim l^?TT] to —f/w'^. 

□ 

We can also show the counterpart of Lemma 14.101 for 5": 

Lemma 4.12. The complex 
(4.20) 3^ ^ fL^n'-'' ^ E) ^ L\n'^' E) 

is a resolution of 3^. 

Proof. Away from the singularities this is also given by classical 
elliptic theory, therefore we focus our attention on a neighborhood of 
a singular point. 

Let us first treat the case of a singularity at a finite point G P. 
A local section of 3" is then by definition a section a = J2k 4Wi^^ such 
that (pl is holomorphic for A; G { 1 , . . . } and has a pole of order at most 
one in pj for k G {r^+l, . . . r}. From the form of the parabolic structure, 
it follows that ~ 0(1) for A; G {1, . . . r,} and \(f)iai\ ~ 0{r-'+<) 
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for k G {tj + l,...r}. By Hypothesis 11.281 we have a]. > 0, thus 
a G (g) .E). On the other hand, if a section a = '^^(pio'idz of 

(g) E satisfies d^a = 0, but a ^ L2(ni''' (g) then either 0^ has a 
pole for some A; G {1, ... r^ } or 0;^ has an at least double pole for some 
k G {tj + 1, . . .r}, and therefore a is not a local section of 5". This 
shows exactness in the first term. 

Consider now exactness at the second term in A(pj, e): here we need 
to solve ()4.19j) . for f & L'^ with the solution g in in the regular case; 
and for / such that /r" G U' with the solution g such that gr"^ G Li^ 
in the singular case. Both follow from Claim I^TTl 

There now remains to show exactness at infinity: this is done sim- 
ilarly to the case of £. □ 

4.3.2. Hypercohomology and L^-cohomology. We can use the 

results of the last section in order to deduce the following: 



Proposition 4.13. The first L^-cohomology = L'^H^{D'^) of 
isomorphic to the hypercohomology EI^(£ 5"). 



Proof. By Lemmas 14 . 1 01 and 14 . 1 2[ 9^ defines a morphism of reso- 
lutions 



(4.21) 



£ 



8f A 



eijA 



3" 



Therefore, by general theory, the hypercohomology of the sheaf map 
£ 3^ identifies to the cohomology of the single complex formed by 
the double complex 2)^: 



(4.22) 



L\n°-'0E) 



9eA 



L^{n'^'0E) 



fL\E) -Jl^ fi^Q}^"^ ® E). 



We show that the first cohomology of the single complex of this double 
complex is isomorphic to the first cohomology of the single complex 
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associated to the double complex D^: 



(4.23) 



We define a map 



i : H\'D^) — > H\V\) 



as follows: represent a coliomology class of H^{Ti^) by a couple 



and use the inclusion ()4.16j) to map it into the cohomology class repre- 
sented by the same couple (k, z/) in if^(Dp. This is well defined, since 
if {ndz + 9^ A, vdz + 9^\) is a couple in H^{'D^) representing the same 
class as (^d^, z/dz), for A G L'^{E), then in particular A G fL'^{E), and 
so the two couples are cohomologuous in if^(Dj) as well. This also 
shows that l is injective. 

We only need to prove surjectivity: suppose we have a couple 
{Kdz,h'dz) G (g) _E) © fL^(f2^'° © i?) representing a class in 

if^(Dp. It is clearly sufficient to prove that this class can be rep- 
resented by a couple vanishing in a neighborhood of infinity. Since 
6^ is an isomorphism at infinity, we can put (restricting to a smaller 
neighborhood of infinity if necessary) A = O^^ludz). This is then a 
section in rL'^{E), and the couple {ndz — d^X, vdz — 9^X) is cohomo- 
loguous to (ftdz, z/dz) in if^(2)p. By definition, the (l,0)-term of this 
couple vanishes at infinity. The same thing is true for the (0, l)-part, 
because O^i^ndz — d^X) = —d^ {vdz — O^X) = near infinity and 9^ is an 
isomorphism there. This finishes the proof of the proposition, for the 
L^-cohomology of ()4.10j) is by definition the cohomology of the single 
complex associated to D^. □ 

4.3.3. The spectral curve. In the explicit identification of the 
hypercohomology, the following notions will be of much importance. 
Recall that (up to wedge product by dz) 6^ is a meromorphic section 
of End{E) over CP\ 

Definition 4.14. For ^ e C \ P, the set of zeros of det{9^) is 
called the spectral set corresponding to C,- We denote it by S^. 



{Kdz, udz) G L'(fi°'i ® E) © L'(fi^^° © E), 
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Lemma 4.15. For each ^ G C \ P, the spectral set is an effective 
divisor o/CP^, in other words a finite set of points with multiplicities 
in N. 

Proof. The section det [6^) of End(V) is holomorphic with respect 
to . We only need to check it does not vanish identically for any C,- 
Suppose there exists ^ such that 

det{9^{q)) = 

for all g G C \ P. In different terms, 6 has a constant eigenvalue over 
C \ P; in particular, the residue of this eigenvalue at infinity is 0. 
This contradicts 7^ for all k G {1, . . . ,n} (see © of Hypothesis 
OH|l . □ 

A basic property is the following. 

Claim 4.16. The points 0/ define a multi-valued meromorphic 
function of ^ G C. 

Proof. By assumption, ^6^(6*5(2;)) depends holomorphically on ^ G 
C and meromorphically on z. We conclude using the implicit function 
theorem, namely that the solutions of a meromorphic equation depend- 
ing holomorphically on a variable are meromorphic in this variable. □ 

Definition 4.17. The graph of the multi-valued meromorphic func- 
tion 

C \ P — ^ CP' 

is called the spectral curve of the Higgs bundle. It is denoted by S. 

This object was first studied by N. Hitchin in |13j . By Claim I^!TH1 
the spectral curve is an analytic subvariety 

S ^ (C \P) X CP', 

of (complex) dimension one. (Here j stands for inclusion.) Moreover, 
by construction it is naturally a branched cover of C via projection to 
the first factor. 

Here is an important property. 

Proposition 4.18. The spectral curve S is reduced; in other words, 
det{9^) vanishes only up to the first order except for a finite set of points 
ofT.. 
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Proof. Suppose S has infinitely many points (g, where det{6^) 
vanishes up to order higher than one. Since S has a natural extension 
into a compact curve in CP^ x CP (see Section this means that 
for any ^ some zero g(^) G of 9^ has multiplicity higher than one; 
in different terms, some irreducible component of E has multiplicity 
higher than one. In particular, as ^ — > cxo, at least two of the qk{C) 
must have the same Laurent expansions. This is impossible by ()4.37|) 
and the assumption A;^ ^ A^, for k ^ k' made in ((H) of Hypothesis 

wm □ 



4.3.4. Explicit computation of the hypercohomology. Let 

us now compute the hypercohomology of 



(4.24) 



Consider arbitrary algebraic resolutions of the sheaves £ and 5" such 
that 6^/\ induce a morphism of resolutions 



(4.25) 



^0,1 

5 



A 



Be A 



^1,1 

5 



^0,0 ^ ^ 



A J 

£ 3^ 



1.0 



For example, one might take resolutions by Cech cochains. By defini- 
tion, the first filtration Kj, of the single complex associated to ()4.25|) is 
given by 



The first page of the spectral sequence corresponding to this filtration 
is given by 



(4.26) 



(J{°)W(CP') (J{i)W(CP') 



(J{'')M(CP') (J{i)[°i(CP') 



82 



4. HIGGS BUNDLE INTERPRETATION 



where "K^ is the j-th cohomology sheaf of the map ()4.24|) . and the 
vertical sequences come from resolutions 

by taking global sections. Let us now describe explicitly the cohomol- 
ogy sheaves. Recall from definition 14.141 that g G are exactly the 
points where the map 0^{q) : E{q) E{q) is not surjective. After all 
this preparation, we have the following characterization: 

Lemma 4.19. The cohomology sheafK^ of orders of the sheaf map 
\4 . 24\ ) is 0. //det (6^) has a zero of order 1 in all points of q G S^, then 
the first cohomology sheaf 'K^ is the sky-scraper sheaf 51^ whose stalk 
over a point q & T,^ is the finite- dimensional suhspace coKer{6^{q)) C 
E{q), and all other stalks are 0. 

Remark 4.20. The cokernel of 9^{q) is naturally identified with the 
orthogonal of the image with respect to the fiber metric, or, which is 
the same thing, with the kernel of 6^ (q) . This allows us to think of 
coKer{6^{q)) as a suhspace of E{q). 

Proof. Let us start with 3-C°: suppose we have a section (f) E 8.\u 
on an open set U C CP^ such that O^cp = 0. Since on the open subset 
f/ \ the map 9^ : E{q) ^ E{q) is an isomorphism, we deduce that 
= on this set. But a holomorphic section vanishing on an open 
set vanishes everywhere, thus = on all of U. This gives the first 
statement of the lemma. 

We now come to "K^: let U C CP^ be an open subset. If f/flS^ = 
then 6^ is an invertible holomorphic endomorphism of £ on U, therefore 
"K^lu = 0. Suppose now U contains exactly one point q G S^. Then, for 
any section G £|;7 the vector {6^(j)){q) lies by definition in the image 
of 0^{q), which is just the orthogonal of coKer{6^{q)). Therefore, this 
latter is contained in IK^|(7. On the other hand, the condition that 6^ 
has a zero of order 1 in g means that any section ip & such that 
ilj{q)-LcoKer{6^{q)) is in Im{6^). This proves the second statement. □ 

Remark 4.21. By Proposition \4.1S\ the condition of det (6^) having 
a first- order zero in all points of is generic in it is verified for all 
^ except for twice the eigenvalues of 9{q) for the finite number of points 
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q ofTj of multiplicity higher than one. For the discrete set of ^ where 
there exists a q & T,^ with a multiple zero, one introduces the flag 

E{q) = FoE{q) D coKer{e^{q)) = F,E{q) D . . . D K^E{q) = {0}, 

the subscript of F being the order of zero of 6'^ (g) along the given sub- 
space, and proves that the cohomology sheaf ^^\u over an open set 
containing q as the only element of is in this case equal to the jet 
space 

^F^E{q). 

m—l 

The assumptions that for fixed j & {1, . . . ,n} all the XI be different for 
k G {Vj + 1, . . . , r} and for fixed / G {1, . . . , n'} all the be different 
for k E {1 + ai, . . . a;+i} (see (Op and Hupothesis \1.28\) . mean that 
in the punctures of CP the limit states have first-order zeros. 

Now since a resolution of the sky-scraper sheaf 01^ is given by 

— > — > 0, 

the first page of the hyper cohomology spectral sequence ()4.26|) becomes 



5 5 

®^^^^coKer{e,{q)). 

All this implies the following: 

Proposition 4.22. The hypercohomology spectral sequence corre- 
sponding to the first filtration collapses in its first page, and we have a 
natural isomorphism 

m\8. ^ 3^) c^^coKer{e^{q)). 

Proof. This is a consequence of the standard fact that a spectral 
sequence collapses as soon as non-zero elements only appear in one of 
its rows. Furthermore, an explicit isomorphism can be given as follows: 
fix a radially invariant bump-function x on the unit disk A C C, equal 
to on the boundary of A and to 1 in 0, and such that dx is supported 
on the annulus 1/3 < r < 2/3. For any complex number a 7^ set 
Xa(yZ) = x{z/a). Now choose > so that the distance in C between 
any two distinct points of the finite set P U is at least Seq. For any 
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(%),es; e ®coKer{9^{q)) consider the section v^^ = X)qeE<; '"qXe{z - q). 
Because dxso is supported on the annulus eo/3 < r < 2£:o/3, the section 
d^{v^gdz) G n^'^ ® E is supported outside a neighborhood of E^. Since 
this latter is the zero set of det (6'^), it then follows that there exists a 
section t^^dz e ® E such that 9^ A (t.^dz) + d^{v,^dz) = 0, and t,^ 
is supported on the support of d^Vsg, that is outside a neighborhood of 
and of infinity. The couple (fegdz, t^gdz) therefore defines a cocycle 
in the single complex associated to Dj, and using Proposition 14.131 we 
can define a map 

^5 : coKer{e^{q)) ^ H\V^) =m\8. ^ 3^) 

(4.27) ^[(t^sod2;,t,„dz)], 

where [(f^gd^;, t^gd^)] stands for the cohomology class in H^{Ti^) of this 
couple. 

We need to show that this map does not depend on > cho- 
sen, provided that it is sufficiently small as explained above. Consider 
therefore the section v^^ for Si < e. Since in the union of the disks 
of radius £i/3 around the elements of E^ we have v^^ = v^^, and 9^ is 
invertible outside this set, there exists a section u G T{E) such that 
9^u + Vg-^dz = f^odz. Then, as in the proof of Proposition 14. 13^ the 
couple {v^odz, ti^gdz) is equal to {v^^^dz + 9^u, t^-^dz + d^u), and the two 
couples define the same cohomology class in if^(D). This then allows 
us to fix £0 > sufficiently small once and for all. 

In a similar way, one can prove that \E'j is independent of the actual 
cut-off function x as well. 

Finally, the inverse of can be obtained as follows: let the coho- 
mology class rj G H^{Ti^) be represented by a 1-form rj^-^dz + r^^'Mz, 
where 77^'° and 77°'^ are sections of E. Then we have 

(4.28) ^-^r/=(em/y'°),,j,^, 

where evalq7]^'° stands for evaluation of the section 77^'° in the point 
q. □ 

Remark 4.23. Notice that the formula \4.2^ is independent of the 
1-form representative ofrj; in particular, the (1, 0)-part of the harmonic 
representative of a cohomology class '$^{Vq)giz^^ vanishes in the g G E^ 
where = 0. 
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4.4. Extension of the Higgs bundle over the singularities 

The interpretation of the holomorphic bundle underlying the trans- 
formed Higgs bundle in terms of hypercohomology established in the 
previous section allows us to extend it over the singular points PUjoo} 
in the parameter space CP . At each puncture, we need to do two 
things: first, define the fiber of the transformed vector bundle over it. 
This then extends the holomorphic structure induced by over the 
puncture in a natural way: a holomorphic section through the singu- 
lar point will be a continuous section in a neighborhood of it, that is 
holomorphic in the punctured neighborhood. (Continuity is defined at 
the same time as the exceptional fiber.) The second thing to do then 
is to give an explicit basis of holomorphic sections with respect to this 
extended holomorphic structure. It is important to note that the ex- 
tensions we define here are not the transformed extensions given in 
Definition but rather ones induced by the original Higgs bundle, 
and for which computations are more comfortable. This is why we will 
call the induced extension. We study the link between these two 
extensions in Section I^Tl 

4.4.1. Extension to logarithmic singularities. First, we con- 
sider the case of points of the set P. We shall now describe the exten- 
sion over such a point. Notice first that as the deformation 9^ has 
a well-defined extension over these points, its hypercohomology spaces 
are also well-defined there. In particular, in view of Proposition I4.13t 
we may extend the transformed vector bundle V by putting 

v^^, =eH£ ^3^) 

This is the definition of the fiber over such a point. 

In order to give explicit representatives of holomorphic sections, let 
us examine what happens to the fiber when ^ approaches one of the 
points of P = {^1, . . . , say First, let us find the spectral points. 

Claim 4.24. As ^i, exactly rrii = a/+i — a/ branches of the 

meromorphic functions G converge to infinity, while all others 
remain in a hounded region ofC Moreover, labelling the spectral points 
converging to infinity by qi+ai (0; • • • 5 1ai+i (0; ^^^U o^dmit the asymptotic 
behavior 

2 A°° 

(4.29) g.(0 = ^^^ + O(|e-6l"^), 
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where 6 > can be chosen arbitrarily small. In particular, the branches 
converging to oo E CP^ of the spectral curve are not ramified over the 
point 

Proof. As it can be seen from p. 311) . exactly m; of the eigenvalues 
of the leading order term near infinity of the Higgs field 6^ converges to 
0. Recall from Definition 14.141 that is the vanishing set of det{6^). 
This implies that (counted with multiplicities) exactly rrii of the points 
g(^) G converge to infinity; label these by 1 + O;, . . . , a/+i. All the 
other spectral points remain therefore bounded. By assumption (see 
p. 3111 ) in a holomorphic trivialisation of the bundle £ in a neighbor- 
hood of oo G CP^, ignoring the factor d^; the field 9^ is of the form 

where 0{z^'^) stands for holomorphic terms independent of ^. Suppose 
first that the field is exactly equal to the polar part in this formula, 
in other words the 0(z~^) term is equal to 0. Then the solutions 
gi(^), . . . , gr(^) are clearly given by 

In general, since det{6^) is holomorphic in z, we can apply Rouche's 
theorem to compare the position of the zeros of det{6^) with those of 
the polar part studied above. This yields that the solutions gfe(^) G C 
of det{9^){q{^)) = near infinity are close to qtiOi more precisely for 
any 6 > 0, there exists K > such that for all |^ — sufficiently small 
we have 

Remark here that as ^ — the behavior of |^ — 61'' is small compared 
to |(?A:(OI = — III other words, we have the expansion ()4.29|) 

so that QkiO converges indeed to infinity asymptotically proportionally 
to (^ — 6)"^ for Qi < k < a;+i, while all other holomorphic families of 
zeros of det(6'^) remain bounded. 

The condition that the Ai+a,, . . . , ^ai+i are all distinct (see Q, Hy- 
pothesis ll.28|l now implies that there is no splitting of the solutions at 
infinity, that is to say locally near ^ = ^ any qk{C) with ai < k < a/+i 
itself forms a meromorphic function without branching. Indeed, the 
occurrence of a branching at infinity implies that the Puiseux series of 
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the corresponding solutions agree, which is not the case here because of 
the asymptotic behaviors ()4.29|1 with different leading coefficients. □ 

Now, recall that for fixed ^ G C \ P, in the explicit description 
of given in the proof of Proposition 14.221 we considered the zeros 
QkiO for A; = 1, . . . , r of det{9^){q), and for each qk{0 element v^i^) 
of the subspace coKer{9^)g^(^^) C -^^^(f). Then we extended each Vk{C,) 
holomorphically into a neighborhood of QkiO^ ^^'^ multiplied the sec- 
tion we obtained by a bump-function equal to 1 in a small disk around 
QkiO boundary of a slightly larger disk. This section of 

5" constituted the (l,0)-part of the element in EI^(£ 5") ~ V^, and 
we chose the (0, l)-part in such a way that the couple be in Ker{D'^). 
In what follows, we wish to do the same thing, but for all ^ in a neigh- 
borhood of at the same time. 

Let us consider one meromorphic family of zeros qk{C,) with ai < k < 
a/+i. We have just seen that qk{0 converges to cxd as ^ -^6; therefore, 
we need to take a holomorphic section of £ at infinity, extending an 
element of the cokernel of 6^, . One can check from formula p.3H) that 
this cokernel is equal to the vector subspace of the fiber S^^c = E^o ® 
generated by {(T^(oo)dz}^t\+a, ? where {(T^}J„^i is the holomorphic 
trivialisation of £ at infinity considered in ()1.30|) . Furthermore, since 
the metric h is mutually bounded with the diagonal model 

diag{\z\-'-^), 

the orthogonal of the image of 6^ in E{qk{^)) converges to cr^(oo) as 
^ C,i- Let i;k{z) be a holomorphic extension of (j^(oo) to a neigh- 
borhood of infinity such that for any ^ G C sufficiently close to the 
vector c^kiQkiO)^^ be in the cokernel of 0^{qk{^)). Such an extension 
exists because 9^ varies holomorphically with ^ and by Claim 
is a genuine (single- valued) meromorphic function of ^. A holomorphic 
section cTk of £ around ^/ is then given by the section constructed as 
follows: for ^ sufficiently close to ^/ such that ^k is defined in gfe(^), set 

(4.30) Vk{z,0 = Xso(?-?,)-i(2 - <lk{0)'^k{z), 

where we recall from the proof of Proposition 14.221 that Xeo{i~ii}-^ is a 
bump-function on a disk centered at and of diameter £o|^ — 61^ with 
Eq sufficiently small only depending on the parameters of the initial 
connection, fixed once and for all. (The importance of this choice will 
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become clear in Theorem 14. 351 ) Also, let tk{z,C,)dz G r{C,E ® 
be the unique solution of the equation 

(4.31) d^v,{z, Odz = ~9Mz, Odz. 

Then consider the cohomology class cr^^) in HI^(£ 3") ~ of the 
couple {vk{z,C,)dz,tk{z,C,)dz) defined as above. Since the choice of 
is independent of ^ and moreover 6^ and QkiO depend holomorphically 
on ^, it follows that is (9^-holomorphic in ^ outside of 

Definition 4.25. Let the extension of £. to be defined by 
the holomorphic trivialisation given by the sections al for all choice of 
k G {1 + 0;, . . . , tti+i} and for some holomorphic extension o/a^(oo) 
such that for any ^ G C sufficiently close to ^i, we have <^k{QkiO)^^ ^ 
coKer{9,{qkm- 

4.4.2. Extension to infinity. In order to define the fiber over 
infinity, we first rephrase what we have done until now to obtain the 
holomorphic bundle £ = {V,d^) underlying the transformed Higgs 
bundle: we considered the sheaves £ and 5" over CP\ we pulled them 
back to CP^ X C by the projection map tti on the first factor, and 
formed the sheaf map 

equal to 9^ on the fiber CP^ x {^}. We then defined the vector bundle 

V, = m\7TlE ^ 7r;3^), 

over C \ P and we let d be the partial connection induced by d . 
In what follows, we keep on writing £ and 3^ for their pull-back to the 
product, whenever this does not cause confusion. Notice that 9, is holo- 
morphic in both coordinates. We wish to extend the hypercohomology 
of this sheaf map over infinity; we will be done if we can extend the 
map 9, over infinity in a holomorphic manner. Indeed, the hypercoho- 
mology of a holomorphic family of sheaf morphisms is a holomorphic 
vector bundle over the base space of the deformations, in our case CP . 
Notice that by definition 9^ = 9 — ^/2dzA, so it becomes singular as 
we let ^ converge to infinity. However, we can slightly change the sheaf 
5" in such a way that there exist a natural extension of 9,. Again, we 
follow [15] . 

Consider the projections Hj to the j-th coordinate in the product 
manifold CP' x CP', and set ^ = 7r*0gpi(l) ^3^. Recall that Ogpi(l) 
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admits two global holomorphic sections Sq and Soo, characterized by 
the fact that if Uq and Uoo are the standard neighborhoods of G CP 
and oo G CP with coordinates ^ and ( = vanishing in and oo 
respectively, then we have 

(4.32) So(0=^ Soo(0 = l in?7o 

(4.33) So(C) = l sUC) = C m?7oo. 

Notice that here ^ is the standard coordinate of C we used to define 
9^. Therefore for rj G CP we put 

(4.34) 6^:8, — >3' 

(4.35) 9^ = s^{r])^9 -^So{v)®(izA, 

We remark that by (j02|l . on f/o = C we have 6^^ = 9-^/2dzA = 9^, so 
9, is indeed an extension of the deformation 9, to infinity. Therefore, 
in what follows we keep on writing 9 for 9 whenever this does not cause 
any confusion. In the same manner, we see that 

9o. = -^So(0«=oo ^dzA:E — > 9^ ® Ogpi (1)^=^. 

From the definition of the sheaves £ and 3^ one can see that the co- 
homology sheaves of this map are !K°(d2A) = and lK^(d2A) = ^^o, 
the sky-scraper sheaf supported in points of P and having stalk equal 
to So(0«=oo ® coKer{Res{9,p)) in p E P. Therefore, as in Proposition 
14.221 we obtain that the first hypercohomology space of this map equals 
■5o(0?=oo ® {(BpepCoKer{Res{9 , p))) , and all its other hypercohomology 
spaces vanish. The extension of the vector bundle V to infinity is then 
given by setting = E[^(£ 5") for all t] G CP \ P. In particular, 
any local section at C = of ^ is a family of sections of the sheaf 3^, 
and therefore can be written 

(4.36) So(C)®^(^,C), 

where ip{z, () are sections of 3" depending on the parameter (. 

Definition 4.26. The extension 8, of the holomorphic structure 
of £ to infinity is the extension whose holomorphic sections at infinity 
can be written as in \4.3(^ , with iIj{z,() holomorphic in (. 

We come to the explicit description of a holomorphic section of '£ at 
^ = oo with respect to this extension. We make a similar construction 
as in the case of logarithmic singularities: first, we make a basic remark. 
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Claim 4.27. ^45^^ oo, all zeros of det{6^) converge to one of the 
points of P. Moreover, supposing q{^) pj, we have the asymptotic 
behavior 

(4.37) g(^)=p^. + 2^ + 0(r^+^), 

where Xl is a non-vanishing eigenvalue of the residue of 9 at Pj and 
(5 > can he chosen arbitrarily small. In particular, the spectral curve 
is not branched over the point C, = oo. 

Proof. Let us consider the deformation of the Higgs field in terms 
of the coordinate ( = in JJoo- As we see from ()4.33p and ()4.35p . it 
is given by 

Notice that as C ^ 0, the first term on the right-hand side in a 
fixed point z G CP^ \ P becomes insignificant, and 0^(z) converges 
to — l/2dzA. Therefore, for |^| sufficiently small, all zeros of det{0^) 
are in a neighborhood of P. In order to determine the asymptotic of 
this convergence, remember that in a holomorphic trivialisation of E 
in some neighborhood of Pj the Higgs field is equal to the model ()1.28|) 
up to terms in 0{z — Pj). As in the case ^ — > ^i, the solutions are close 
to those of the diagonal model det{diag{9i^{q))) = (see Claim lOH)- 
This equation is 

"^^-^)-' 

The solutions ^^(C) are clearly given by 

qi{C)=p^+2CXl=p,+2^. 

Here the upper index of the solution stands for the point Pj E P it 
converges to, and the lower index k G {r^ + 1, . . . ,r} is determined 
by the extension of the cokernel of 6,^ at the point. An application of 
Rouche's theorem gives again the claim. 

Finally, S is not ramified at ^ = oo because this would imply that 
at least two of the QkiO admit the same Puiseux expansion, which is 
impossible because of ()4.37p and ((T)) of Hypothesis 11.281 □ 

Furthermore, by Claim 14.161 the points of S ^ define a multi- valued 
meromorphic function in the variable ^ near infinity. Let ql{C,) G be 
such a holomorphically varying zero of det{9^), and suppose it converges 
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to G P as ^ — >■ cx). We can let the index k to vary from + 1 to r. 
Consider the diagram 

E 

J 



CP' X CP 




CP' cp' 

where j is inclusion and the two other arrows are canonical projec- 
tions. In order to define a local holomorphic section of the trans- 
formed bundle, we need to choose elements of coKer{9^{ql{C,))) for all 
^, such that they depend holomorphically with ^. It is clear that this 
is equivalent to choose a local holomorphic section ip of j*vr^5' over 
the branch {qi{^),^) near the point {pj,oo) such that for all ^, we 
have i/jiqiiO^O ^ coKer{9^{ql)). Since any local section of 3" near 
Pj multiplied by {z — pj) is a local section of the sheaf £ (8> d^;, the 
section {qi{C,) — Pj)ip of fnl^' near (pj,oo) is in fact a local holo- 
morphic section of j*vr*(£ d^;) on the branch {qi{^),^) of the spec- 
tral curve E C CP' x CP . Furthermore, because of Claim I4.27[ 
ilkiO^O ^ QkiO is a simple cover near pj without branching. In par- 
ticular, for all q sufficiently close to Pj there exists a unique ^(g) such 
that q = qi{^{q)). Therefore, {qi{^) - Pj)ijiqiiO^O is the lift from 
CP' of a section <::l{z)dz of £ ® d^; in a neighborhood of Pj, such that 
for all q we have 

(4.38) c;i{q)dzecoKerie,^M). 

In particular, <;l{pj)dz G coKer{9oo{Pj)) = -E^mg^dz, as it can easily be 
checked using formula ()4.35j) . Conversely, we may consider any section 
(^l{z) satisfying ()4.38|) . lift ql{z)dz to a section of j*vr*(£ (g) d^;), and 
divide the result by q—Pj to obtain ip. Fix now for all k = {vj + l, . . . , r} 
a section ql satisfying ()4.38|1 . All that we have said above motivates 
the definition: 

(4.39) viiz, = Xe.,A^ - qiiO)^ ® ^o(0, 

where we recall again from the proof of Proposition 14.221 that Xeoi-^ is 
a bump-function over the disk of radius ^o/l^l- Remark that evaluation 
of vi{z,^)dz in 2; = gfc(^) is by definition in the cokernel of 9^. Also, 
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as in the case of logarithmic singularities, for all ^ close to infinity, 
let be the unique section of E satisfying the equation ()4.H1|1 

for all z, in other words such that D'^{vl{z,^)dz,tl{z,^)dz) = 0. A 
holomorphic trivialisation of *£ at infinity is then given by the D'^- 
harmonic representatives 0-^^(0 of the couples {vl{z,C,)dz,ti{z,C,)dz) 
for all k = {Vj + 1, . . . , r} and all j = {1, . . . , n}. 

4.5. Singularities of the transformed Higgs field 

In this part, we describe the eigenvalues of the singular parts of the 
transformed Higgs field 9" at the singularities. This estabhshes points 
dH), © and dH) of Theorem 

4.5.1. The case of a logarithmic singularity. R.ecall from ()4.13|l 
that the transformed Higgs field is defined as multiplication by the coor- 
dinate —z/2 of a harmonic spinor, followed by projection onto harmonic 
forms. 

Lemma 4.28. The set of eigenvalues of the transformed Higgs field 
6" on the fiber (with multiplicities) is equal to — (with multi- 
plicities), where is the set of zeros of det{6^). 

Proof. Let a cohomology class in the space E^ = H^{T)^) (see 
be represented by 1-forms {y{^)dz,t{^)dz) e © ® E. 
Since this spinor is not harmonic, first of all we need a technical result: 

Claim 4.29. Let {v{^)dz,t{^)dz) e {n^-° ®n^-°) iS) E be annihilated 
by D'^. Then we have 

nfiznfiviOdz,tiOdz)) = (ziviOdz^tiOdz)). 

In words, the action of the Higgs field can be computed on any repre- 
sentative section in Ker{D'^). 

Proof. This is straightforward: we need to show 
7rf{z{ld-nf){v{Odz,t{Od-z)) = 0, 
which is equivalent to 

z^P,{^';nv{Odz,t{Odz)±E^. 

Now the only thing to remark is that if {v{C,)dz,t{^)dz) G Ker{D'^), 
then this implies that 

{^'0*{v{Odz,tiOdz) = iD'iy{v{Odz,t{Odz) en'®E, 
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and by diagonality of with respect to the decomposition ® E = 
(g) © (g, E) (see Lemma ESI), also 

Therefore we have 

^p,{^'inv{Odz,mdz) = Dp,{D'inv{Odz,mdz), 

and we conclude using the commutation relation 

[z, D'^] = 

combined with Im{D'^)^E^ . □ 
The proof of the lemma is now immediate: via the map ()4.28j) . 

m~\z{v{i)dz,m^z)) = {q-eval,v{0),e^, 

multiplication by z goes over to multiplication by q in the point g G Sj, 
and via ()4.27|1 this is then re-transformed into multiplication by the 
constant q on the component of v{^) localized near q. □ 

Theorem 4.30. The eigenvalues of the transformed Higgs field 
9" have first- order poles in the points of P. Furthermore, the non- 
vanishing eigenvalues of its residue in the puncture C,i are equal to 

{-K+a,^---^-K+i}' ^^^'^^ {K+a,^ ■ ■ ■ ^ K+i} eigenvalues of 

the residue of the original Higgs field 9 at infinity, restricted to the 
eigenspace of A corresponding to the eigenvalue 

Proof. As we have seen in ()4.29|) . the point qk{0 ^ converges 
to infinity at the first order with 2A^(^ — ^;)^^ as ^ where k G 
{1 + a;, . . . , a/+i} is an index such that the eigenvalue of the residue 
term of 9 at infinity appears in the eigenspace of the second order term 
A corresponding to the eigenvalue By Lemma [4. 2 81 the transformed 
Higgs field has a logarithmic singularity at and the corresponding 
residue is — A^. □ 

4.5.2. The case of infinity. We wish to show the following. 

Theorem 4.31. The transformed Higgs field has a second order 
singularity at infinity. The set of eigenvalues of its leading order term 
is {— pi/2, . . . , — p„/2}, where {pi, . . . ,p„} = P is the set of punctures 
of the original Higgs bundle. The multiplicity of the eigenvalue —Pj/'2^ 
is equal to r — = rk{Res{9,Pj)). The set of eigenvalues of the residue 
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of the transformed Higgs field restricted to the eigenspace of the second- 
order term corresponding to the eigenvalue —Pj/2 is {—\k}ke{rj+i....,r}- 

Proof. In Claim 14.271 we have proved that as C 0, all zeros 
of detiOo) must converge to one of the points of P. Furthermore, the 
expansion of a spectral point converging to p^ is fj4.37p . By Lemma 
14.281 on the corresponding components 9" is just multiplication by 
— E|d^/2. Hence, we see that the eigenvalues of the leading-order term 
of the transformed Higgs field are equal to {— J9j72}j=i ... „, while those 
of its first-order term are {—)<'k\j=i.,...,n,k=rj+i,...,r- D 

4.6. Parabolic weights 

Here we compute the parabolic weights of the transformed Higgs 
bundle with respect to the induced extension. 

4.6.1. The case of infinity. 

Theorem 4.32. The parabolic weight of the extension of the 
transformed Higgs bundle at infinity described in Subsection \4-4-^ i"^- 
stricted to the eigenspace of 6 corresponding to the eigenvalue —Pj/2 of 
its second order term and the eigenvalue —XI of its residue is equal to 
— 1 + al, where al is the parabolic weight on the \l- eigenspace of the 
residue of the original Higgs bundle at Pj. 

Proof. We prove the statement in two steps. In the first one, we 
show that it is true supposing the original Higgs bundle only has one 
logarithmic point of a precise form. In the second one, we show how 
the case with only one logarithmic point and the exponential decay 
results of Section implv the general case. 

Step 1. Let us first suppose that the set of logarithmic singularities 
is reduced to a single point pi, that we may take to be without restrict- 
ing generality. Furthermore, we suppose that E is a holomorphically 
trivial bundle over C and that in a global holomorphic trivialisation 
{cXfc} the Higgs field is equal to 




and the metric is just 



(4.40) 
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This defines a parabolic Higgs bundle with weights at and — a^. at 
infinity, the field having deformation 



(4.41) 6^ = diag 



(t 



dz 



fc=l, 



and the /^''-operator 
(4.42) D'/ = 8 + 



diag (^K*^ - | 



dz 



fc=i, 



Recall from Subsection 14.4.21 that a representative {v^dz, t^dz) of any 
spinor is supported in the finite collection of disks Ug(^)£S5 A(g(^), erolCl"^)- 
By Claim W^27\ the points g(^) are given by 



(4.43) 



Define a family of homotheties indexed by ^ G C \ P 

h^:C ^ C 

(4.44) 

in such a way that 



w 



w 



(4.45) 



h-\0) = 



for k 



Therefore, this corresponds to a family of coordinate changes z ^ w in 
the plane, such that the position of the zeros of the Higgs field 6^ after 
applying h^^ is constant (the 2Afe for = ri, . . . , r), as well as that of 
the poles (0 and oo). Moreover, dz = ^~^dw imphes 



(4.46) 

and so 
(4.47) 



hie, 



diag 



At dw 

w 2 



k=l,...,r 



h*D'^ = d + diag 



Xk- dw 

w 2 



fe=l,...,r 



where d stands this time for the Dolbeault operator with respect to the 
w-coordinate. The crucial observation is that this operator is indepen- 
dent of ^. On the other hand, remark that the Euclidean metric on the 
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base space and the fiber metric ()4.40p behave under these coordinate 
changes as 

(4.48) {h,)Mw\' = mdz\' 

(4.49) \a,{z)\^ = \^\-^"-\w\'"\ 

In other words, if we denote by /i^"'^ the model hermitian metric on 
h'^E equal in the basis h*^<7k to 

/iM = diag{\w\^'"'), 

then the homotheties induce a family of tautological isomorphisms 
of Hermitian fiber bundles 



(4.50) 



{hlE,h^'^'>) 
{hlak){w) 



- (E, h) 



We deduce from ()4.48j) that in the basis h*^ak the pull-back /i^A^ of the 
Laplacian of the Dirac operator has the form 



(4.51) 



A + diag 



w 



fe=i. 



where A stands for the usual Laplace operator on functions with re- 
spect to the metric |dw|^. The operator A^'"^ between brackets in 
this formula is a bounded operator from the weighted Sobolev space 
H^{S+®E, \dw\^) to L^{S+®E, \dw\^). The weight at is determined 
by the condition that for a section u G we have u/\w\'^ G L^, and 
this gives therefore exactly the maximal domain of A*^""^ (see Theorem 
I2.22|) . We infer that the pull-back h*^G^ of the Green's operator of A^ 



IS 



(4.52) 



where G'""' is the inverse of A'^"'^ It also follows from Theorem l2.22l that 
G^™^ is a bounded linear operator from L^(S'+ ® E, \dw\'^) to i/^(S'+ ® 
E, \dw\'^). Because A*^""^ is diagonal in the basis CTfc, the same is true for 
G^"'^ Remark that the pull-backs /i^tt^ of the orthogonal projections 
onto Aj-harmonic spinors are all equal to the orthogonal projection 
TT^'"-' onto A*^'"^-harmonic spinors: indeed, the conformal factor in 
()4.51|1 changes neither the space of harmonic spinors nor the orthogonal 
projection operator onto them. In particular, since A'""', G^"^^ and h are 
diagonal in the basis a^, the same thing is true for all vr^. 
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Now notice that by the definition of the 5^-holomorphic extension 
to infinity of the transformed bundle given in ()4.39j) and via the iden- 
tification ()4.50|) . the sections \^\°'''h*^{vk{z,^)dz) (modulo the value of 
the section Sq of Ogpi(l)) coincide: indeed, 

dz d-VJ 
l^r'Xeo/d^ - = Xe„ {w - 2A,.) ihla,){w) — . 

It then follows from formula ()4.47j) together with the definition ()4.HH1 
that the coefficient of Sq in \^\°'''h*^tk{z,C,)dz is also independent of C,. 
From the fact that the projections are also constant, we deduce that 
the coefficient of Sq in the pull-back 

(4.53) iKa,)iw,0 = \^r^riz,0 

of the spinors |^|"'°(3"^(-2, representing {vk{z, ^)dz,tk{z, ^)dz) does 
not depend on ^. Therefore, denoting by fk{z,C,) the coefficient of Sq 
in a'^{z,$,) and by (/ij/fc)(w,0 ^^e coefficient of Sq in {h*^a^){w,C,), we 
see by invariance of the L^-norm of 1-forms by conformal coordinate 
change that 

Jc Jc 

for all ^, with the integral on the right-hand side a constant independent 
of ^. On the other hand, recall from ()4.32|) that on the affine chart Uq of 
CP^ we have So{^) = ^. Observe also that the transformed Hermitian 
metric h is defined in the chart Uq, and that for any harmonic spinor 
/ we have 

m,a) = \^\'kfj) = \crh{fj) 

with ( = ^"^ the local coordinate centered at of the singularity at 
infinity. This means that the effect on the parabolic weights of multi- 
plying by So is adding —1. On the other hand, the — A^-eigenspace of 
the residue of the transformed Higgs bundle at infinity is spanned by 
a^. From all that has been said above, we deduce 

(4.54) M^r-^D = M|C|-^+^"N 

where M is independent of ^; in different terms, that the parabolic 
weight of the transformed Higgs bundle at infinity on the — Afc-eigenspace 
of the residue is equal to — 1 -|- a^. 
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Step 2. Starting from now, we drop the assumption that the set of 
logarithmic singularities is reduced to a point. In this part, we patch 
together solutions to local problems provided by Step 1, and use the 
results of Section 12.51 to estimate the defect of these patched sections 
to be solutions of the global problem. We find that the interaction 
between solutions to local problems near different punctures is small 
as 1^1 gets large. 

Let {d^,0) be a Higgs bundle with some logarithmic singularities 
P = {pi, . . . ,Pn}. In a holomorphic trivialisation {criYk^i near each 
one of these points, up to terms in 0{l)dz, the Higgs field has the form 



(4.55) 



6' 



-dz, 



where the A^ are some diagonal matrices as in The deformation 

of these local models is 

-p, 2_ 

and similarly the deformation of the local /^''-operators {D"y is 



dz. 



A^ 



f 

Finally, that of the Dirac operator = (D")^ 



dz, 

- {{D'yy is 



my] 



adjoint being taken relative to the harmonic metric corresponding to 
{D"y . Now for all j we can consider the extension of 6^ to a trivial 
bundle over the whole plane by keeping the same formula ()4.55j) for 
it, endowed with the model metric 



y = diag{\z — p. 



lk=l- 



It is clear that this extension only has one regular singularity (in Pj) 
and an irregular one at infinity, so all the results of Step 1 hold for 
them. In particular, for representatives 

{vi{z,Odz,ti{z,Odz) 

as described in Subsection 14.4.21 we have a harmonic representative 
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with 

Jc 

This growth is measured with respect to the diagonal model metric y ; 
however, since the spinor a"^ is exponentially concentrated near Pj and 
here W is mutually bounded with the harmonic metric /i of (£, this 
implies 

(4.56) c\ir-< < [ \ar{z,o\l,,.i^ \dzf < c\^r'< 

Jc 

for some < c < C. Let be a cut-off function supported in a disk 
A(pj-,3£o), equal to 1 on A(pj-,2£o), such that iVx-'l < K. Then for 
£o > fixed sufficiently small, the global section oi S~ i^i E defined by 

has a meaning, for the holomorphic trivialisation {c^} is defined in 
A{pj, Seq) provided Eq is sufficiently small. Now notice that if g(^) — >• pj 
as ^ — > cxo and more precisely 

in other words on the component of the transformed bundle with eigen- 
value of the second-order part of 9 at infinity equal to —pj / 2 and eigen- 
value of the residue of 9 at infinity equal to — A^, the holomorphic ex- 
tension (;l of the cokernel has as parabolic weight the al corresponding 
to the eigenspace of the eigenvalue of the residue of 9. Recall that 
the harmonic metric on the transformed side is just L^-metric of the 
A|-harmonic representative with respect to the harmonic metric h of 
the original Higgs bundle. The statement of the theorem will there- 
fore follow once we prove that the harmonic representative of d'lz,^) 
satisfies the inequality 

(4.57) c\^r'^^ < [ i7r,a(^,oi;,i,.p \dz\' < c\^r'<. 

Jc 

for some < c < C. Our first aim is to prove the following. 

Lemma 4.33. There exists 6 > and K > such that for \^\ 
sufficiently large the inequality 

holds. 
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Proof. Covering the annulus centered at Pj of radii 2e^ and 2Rq 
by a finite number of disks of radius £o, we deduce from Lemmas 12.301 
and 12.311 that the ^|-harmonic spinor a'^{z,^) is concentrated in H^- 
norm, up to a factor decreasing exponentially with |^|, in the disk 
A(pj , 2£o)- In particular, it is concentrated up to an exponentially 
decreasing factor in the same disk in L^-norm as well. Denoting by • 
Clifford multiplication, we have the estimation 



\{Vx'){z)-a-{z,0\'\dz[' 



c 



< / \^iar{z,0\'\dz? 



+ K [ \ariz,Ondz\\ 



' A(pj,3eo)\A(pj,2£o) 

Again, by Lemma 12.301 the second integral on the right-hand side is 
bounded by an exponentially decreasing multiple of ||<3"r(^) 0IIl2(c) 
1^1 oo. Therefore, we only need to treat 

Remark that by hypothesis, 

so we have 

^;ar{z,o = y;-i^ir] ^r(^,o- 

This is then bounded by 

ar{z,oo{\z-p,r^'), 

where 0{\z — Pjl^^"^^) stands for a term bounded from above by a 
constant (independent of ^) times \z — pj\~^^^, because and (^0* are 
Dirac operators having the same local model at the puncture and their 
difference is clearly independent of ^. In order to study this quantity, 
we make use of the coordinate w = C,{z — pj) analogously to that 
introduced in ()4.44p . Under this coordinate change, the disk A{pj, Seq) 
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goes into the (varying) disk A(0, 3£:o|^|)- Hence, we need to prove 



JA(0,3eol«l) 

Recall from ()4.53p that in the coordinate w the spinors \^\~°''''h*^d''^ are 
independent of ^. Therefore this boils down to 



A(0,3eol?l) 



1^1-+-- 1 (/.*ar)H I ;,^ijd^r 

(4.58) <K lj{hiar){w)\l^^Jdw\' 

for a suitable constant K > 0. Because 

{hlarKw)eH\C), 

in particular we have 

{hiar){w)eL\c), 

and also 

near the origin. This implies \w\^^'^^{h*^cr'^){w) G L^(C). Therefore, 



K 



|2 

Il2(c) 



has the desired property. □ 
The lemma has the following consequence. 
Lemma 4.34. yls |^| — > oo, we have the estimate 

\m\\l-P!m\\l\<m-''\\m\\l 

with K > independent of ^. 

Proof. It is sufficient to bound 

as in the lemma. The ^^-harmonic representative Tf^a{^) of a{^) is 
given by the formula 

(Id-^,G,4*)a(0, 



|2 
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SO the difference with a{^) itself is 

Since for any positive spinor if the estimation 

ll^«</'ll'^(c)<^ll^ll?..(c) + ^leril¥'lll.(c) 
holds, we deduce that 

Lemma r2.25l implies that both terms on the right-hand side are bounded 
from above by 

We conclude by Lemma l4.H HI □ 

We can now finish the proof of Theorem 14. H2I as |.^| goes to infinity, 
by Lemma f4.34| we have 



|vrfa(0 



2 



In words, the norm of the harmonic representative of the spinor a{z,^) 
is asymptotically equal to the norm of a{z^^) itself. On the other hand, 
as it has already been remarked in the proof of Lemma 14.331 we have 

exponentially as ^ — oo. Finally, by ()4.5fi|l the L^-norm of the spinors 
(3"^(2;,^) as measured by the harmonic metric h satisfy 

(4.59) ciir^-'" < \\a-{z,mi^ < ciir"-^ 

for some < c < C, where a\ is a parabolic weight of the original 
Higgs bundle at the point Pj. All this then implies fl4.57|) . so it follows 
that the parabolic weight of the transformed Higgs bundle on the given 
component is equal to a;^ — 1, as it was stated in the theorem. □ 

4.6.2. The case of logarithmic singularities. Next we com- 
pute the parabolic weights at a puncture corresponding to the ex- 
tension of the holomorphic structure of £ given in Subsection 14.4.11 

Explicitly, here is the result we wish to show. 
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Theorem 4.35. The parabolic weight of the extension *£ of the 
transformed Higgs bundle at the puncture restricted to the — A^- 
eigenspace of the residue of the transformed Higgs field (here /c G {1 + 
ai, . . . , ai+i} ) is equal to —1 + a'^ , where a"^ is the parabolic weight of 
the original Higgs field at infinity, restricted to the ^i-eigenspace of the 
second-order term and the X"^ -eigenspace of the first-order term of the 
polar part of the Higgs field. 

Proof. We follow the proof of Theorem 14. 3 21 Again, we divide the 
proof into two steps according to the number of distinct eigenvalues 
of the second order term of D at infinity. Recall that some of the 
spectral points G converge to infinity as — > whereas others 
remain bounded. 

Step 1. First we suppose that n' = 1, that is to say A is a simple 
diagonal matrix, and that in a global holomorphic basis {cr^} the Higgs 
field has is of the form 

e = '^dz + diag{\^) — 

with one regular singularity in and an irregular one at infinity, and 
finally the harmonic metric is 



(4.60) h°° = diag{\z\ 



This induces a parabolic structure on £ with weights — 2a^ at and 
2a^ at infinity. The deformed field is 

e, = \^dz + diag{\f) — , 



and the spectral points are 



2A, 



Making the coordinate change 

h^:C — >C 

w 

(4.61) w i-^ z 



the field writes 

(4.62) = -^dw + diag{X'^)^. 
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The Euclidean metric \dz\'^ on the base and the fiber metric are 
transformed into 

(4.63) |^_^^|-2|d^|2 

(4.64) dzag{\^-^,r^\wr'^^)U, 

and the position of the spectral points become simply 

independent of ^. As in the case of the singularity at infinity, writing 
fiM for the diagonal model metric 

rf2a^?(|w|-^"^)Li 

the coordinate changes induce tautological isomorphisms of Hermitian 
fiber bundles 

(4.65) {hlE,h^'"^) — >{E,h^) 

Via this isomorphism the representatives Vk{z,C,) given in ()4.3()|1 behave 
as follows: 

which is independent of ^, or equivalently 

- ^i\"''Vk{z, 0(e - ^i)dz = Vk{w)dw, 
independent of ^. By the equation ()4.3H) . this implies 

independently of ^. Exactly as in the case of the singularity at infinity, 
the Laplacian and the Green's operator of ^| in the coordinate w only 
depend on ^ through a conformal factor |^ — and |^ — respec- 
tively, so the pull-back /ijvr^ of the projection onto ^^-harmonic spinors 
is independent of ^. We deduce using invariance of the L^-norm of 1- 
forms by conformal coordinate change that for the ^^-harmonic spinor 
ak{z,C,) representing the cohomology class of {vk{z,^)dz,tk{z,^)dz) we 
have 

Jc Jc 
where (Tfc(w) is the harmonic spinor representing {vk{w)dw,tk{w)dw). 
We see also that the integral on the right-hand side is independent of 
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^, hence we have the desired behavior giving parabohc weight — 1 + 
on this component. 

Step 2. We drop the assumption that the second-order term A of 
the original Higgs field is a simple matrix. Let x be a fixed cut-off 
function supported on the complementary C \ A(0,l/£:o) of a large 
disk, equal to 1 on C \ A(0, 2/eo). In C \ A(0, I/eq), the Higgs field 
is up to a perturbation 

1 dz 

2 z 

with A and C diagonal matrices as in ()1.3H) , therefore decomposes into 
a direct sum of problems studied in Step 1. In particular, for each such 
model problem with eigenvalue of the second-order term C,i we have 
harmonic spinors (t[.(z, ^) where A; G {1 + «;,... , cti+i}, such that 

Again, since the harmonic metric h of the Higgs bundle (£, 6) is mutu- 
ally bounded with in a neighborhood of infinity and is supported 
there, this implies 

(4.66) cie-er'^'"^ < /j'^i(^>o|„.,,jd^r <cie-6r'^^"^ 

for some < c < C The section 

=x{z)ai{z,0 

is well-defined because the local holomorphic trivialisation cx'^ of £ is 
defined in C \ A(0, I/sq) for > sufficiently small. The statement 
of the theorem will again follow if we prove 

(4.67) c|e-er'+'"^< / lVa(z,0|„.pJd^r<C|e-6r^+^"^ 

Jc 

where Tf^a{z,^) is the harmonic representative of a{z,C,)- As a first 
step in this direction, we prove: 

Lemma 4.36. There exists 6 > and K > such that for \^\ 
sufficiently large the inequality 

holds. 
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Proof. We follow the proof of Lemma I4.331 We set {D'^)°° = 
QE _l_ Qoo g^j^^ Yet (respectively (^^)*) stand for its Dirac operator 
(respectively its adjoint). By Lemma l2.30[ is supported in L^-norm 
up to an exponentially decreasing factor in ,^ in C \ A(0, I/eq). There- 
fore, the lemma reduces to the same estimation for (t[. Moreover, by 
assumption we have 

(^f)*ai(^,O = 0, 

so 

The difference on the right-hand side of this formula is bounded above 
by K\z\~^~^ for some K > independent of ^, because the two Dirac 
operators depend on ^ in the same way, hence their difference does not 
depend on it at all. Introducing the coordinate w = — ^i), this 
becomes — C,i\^'^^- Therefore, it is sufficient to prove 

for a suitable > 0, or more simply 

(4.68) <kJ^ \&i{z,0\l,Jdw\\ 

This goes similarly to 1)4.58^ : because in the coordinate w = h^^z the 
spinor |^ — ^;|^~^"^o-[(z, ^) is independent of ^ (see Step 1) and h and 
h°° are mutually bounded, it boils down to 



CxA(0,|4-6l/eo) 

Now remark that h*^crl G H^{C,\dw\'^,h°°) implies in particular that 
/iJo"[. G L'^{C,\dw\^,h°°). Furthermore, near the origin \w\~^~^h*^crl, G 
Ll^{\dw\^, h°°) provided that 5 < . Hence \w\-^-^hla{ G L^{C, |d^^7|^ h° 
and 



K 



1 1 2 

\iii\~^~^h*rr^ 
\\h*(7^ 11^ 

W ^ f'W L^(C,\dw\^ ,h°°) 
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has the desired property ()4.68|) . □ 
This has the following consequence. 
Lemma 4.37. As ^ ^ ^i, we have the estimate 

for some K > independent of C,- 

Proof. Again as in Lemma f4. 341 it is sufficient to bound 

as in the lemma, where 

is the ^^-harmonic representative of Thus by Lemma 12.271 we 

have for the norm of the difference 

y,G,^;a{z,o\\l<K\^-^iryiH^,o\\l 

and we conclude using Lemma f4. 361 □ 

We are now ready to finish the proof of Theorem 14.351 by Lemma 
I4.37[ as ^ the norm of the harmonic representative of the spinor 
(t(z, ^) verifies 

IKf-(0|lL 



1^(011- 



1. 



lL2 

On the other hand, since the support of x in the coordinate is C \ 
^(0, 1^ — ^i\/£o)y and these sets exhaust C as ^ — > ^i, we have that 



lL2 

By ()4.66|1 the L^-norm of al.{z,C,) as measured by the harmonic metric 
h satisfies 

Putting together all this, we obtain ()4.67p . so that on the component 
of E near C,i on which the transformed Higgs field has eigenvalue — A^, 
the parabolic weight of the induced extension is — 1 + a^. □ 
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4.7. The topology of the transformed bundle 

In this section, we compute the topology of the underlying holomor- 
phic bundle t of the transformed Higgs bundle (see ()4.8|1 ) relative to its 
extension over the punctures given in Section I^Til We then deduce the 
topology of the transformed Higgs bundle relative to its transformed 
extension given by Definition 13.111 We recall that we have denoted 

(4.69) f = ^rk{Res{e,p))). 

peP 

The result we wish to show is the following: 

Theorem 4.38. The rank of^E is equal to r, whereas its degree is 
equal to f + deg{8.) + r, where r and deg{8,) are the rank and degree of 
E, respectively. 

Notice that it gives in particular (0) of Theorem 11.321 

Proof. Recall that we have denoted by £ the sheaf of holomorphic 
sections of the bundle £ underlying the original Higgs bundle; 3" was 
defined as a sheaf of meromorphic sections of £ ® having singulari- 
ties at PU{oo} with singular parts in prescribed spaces (see Subsection 
14.3. 1|) : and finally 3^ = 71^3^ <^ 7r20gpi(l). By hypothesis, 9 (and so 9n 
for any rj) is holomorphic with respect to the holomorphic structure 
. Thus we may consider the holomorphic chain complex 

£ -0 

Id 



— -g^ 

in ?7 G CP . The hypercohomology long exact sequence associated to 
it yields the exact sequence of cohomology spaces 

H°{CP\ £) ^ H°{CP\ ^) — . (£ ^ ^) 

(4.70) — . i7HCP\ £) ^ i/^CP', ?) ^ 0, 

since we have seen that M°(£ X 3^) = H2(£ ^ g^) = 0. All of 
the spaces in this exact sequence come with a natural holomorphic 
structure over CP : 
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• the cohomology spaces of £ because this latter is trivial over 

cp' 

• those of 3" because this latter is the tensor product of a trivial 
vector bundle over CP and Ogpi(l) 

• finally, EI^(£ 5") = V, has its holomorphic structure 

-0,1 n-^ 

induced by d , extended to the singularities in Section by 
the induced extension E. 

Moreover, all of the maps in the exact sequence ()4.7()|) vary holomor- 
phically in 77 G CP with respect to these structures and extensions: 
this follows from the definition of 3^ and that of the induced extension. 
Therefore, it induces an exact sequence of the sheaves over CP of 
holomorphic sections of the corresponding cohomology spaces: 

— ^ 0(i/°(£)) ^ 0{H\3^)) OfE) 

— > 0{H\E)) — > 0(iJi(3^)) — > 0, 

where stands to denote the sheaf of regular sections on CP with 
respect to the above mentioned holomorphic structures. By additivity 
of the Chern character, we deduce the equality 

(4.71) c/iC£) =ch{0{CP\ H^S'))) - c/i(0(CP\ 

(4.72) - c/i(0(CP', + c/i(0(CP\ H\l))) 

in if* (CP ). Put TT = 7r2, the projection onto the second factor in 
CP X CP . One has direct image sheaves 'n^Z and on CP defined 

by 

7r,£|t, = 0(f/,//°(CP\£)) 

TT.J^I^ = 0(f/, E\Q,V\ J))) = 0{U, H\CP\ 3^)) ® OgP^ (l)(f/), 

for any open set U e CP , and one can form the "virtual" sheaves 

7r,£|t, = 0{U, H°{CP\ £)) - 0{U, H\CP\ £)) 
7r,g^|y = 0{U, H°{CP\ 3^)) - 0{U, H\CP\ ^)). 

Again by additivity of the Chern character, the right-hand-side of ()4.71|) 
is equal to ch^TifS^), which is in turn equal to 



7T,{ch{3^)UTd{T^)), 
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by the Grothendieck-Riemann-Roch theorem, where 

= T(CP' X CP') - 7r*rCP' = 7r*TCP' 

is the relative tangent bundle of tt, and Td stands for its Todd class. 
Moreover, vr* is just evaluation on the fundamental cycle of CP\ Sim- 
ilarly, we see that ()4.72|1 is just 

-c/i(7r,£) = -7r,(c/i(£) U Td{%)), 

and thus we obtain 

(4.73) c/iC£) = \{ch{^) - ch{E,)) U rrf(7r*rCP')]/[CP']. 

Now we have 

c/i(£) = r + ci(£) 



peP 



[1 + h) 



Td(TCP') = Tci(0cpi(2)) = l + h, 



where r is the rank of the bundle £, Ci(£) is its first Chern class, 

^ - — ^1 

and h and h are the hyper-plane classes of CP and CP respectively. 
Putting all this together, we obtain 

c/i(g^) - c/i(£) =fh+[r + ci(£) + f]h, 

and plugging this into ()4.73|1 . 

(4.74) chCE,) = r + [r + deg{E,) + f]h, 

as we wished. □ 

We are now ready to pass back to the transformed extension of the 
Higgs bundle introduced in Definition 13.1 H hence establishing points 
0, © and dHI) of Theorem Ol 

Corollary 4.39. The parabolic weights of the transformed Higgs 
bundle endowed with its transformed extension are at the logarith- 
mic punctures (on the same subspace as in Theorem \4.35^ and al at 
infinity (on the subspace in Theorem The degree of the trans- 

formed Higgs bundle £ with respect to its transformed extension is equal 
to the degree of £. 
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Proof. Recall from Theorems 14.351 and 14.321 that the parabolic 
weigths of the transformed Higgs bundle relative to the induced exten- 
sions considered in Subsections 14.4. II and 14.4.21 are equal to —1 + at 
the logarithmic punctures and to —1+al. at infinity. On the other hand, 
by Definition l3.11l the parabolic weights of the transformed Higgs bun- 
dle with respect to its transformed extension are required to have par- 
abolic weights between and 1. This means that a local holomorphic 
trivialisation of the singular component of the transformed extension 
£ near the puncture ^/ is 

(e- 6)^1(0, 

where is the local holomorphic section of the extension at 

defined in Subsection 14.4.11 and k G {1 + a^, . . . , a;+i}. On the regular 
component of £|^, the harmonic representatives have bounded norm, 
which gives parabolic weight. Therefore on this component one does 
not need to change the trivialisation. Similarly, a local holomorphic 
frame of £ near infinity can be expressed by 

where is the local holomorphic section of the extension *£ at infinity 
defined in Subsection 14.4.21 localized near for some j G {1, . . . ,n}, 
and k G {r^ + l, . . . , r}. Clearly, this way we increased all non- vanishing 
parabolic weights by 1. On the other hand, by Remark 11.121 even if 
the algebraic geometric degree of the bundle depends on the choice 
of extensions, the parabolic degree with respect to a fixed metric is 
independent of them, because it is always 0. Recall from Definition 

rrm that 

r 

deg,,,{% = deg{% + ^ (-1 + 

jG{l,...,n,oc} k—rj'\-l 

This quantity is therefore equal to 

r 

(4.75) degpari^) = deg{l) + "i- 

j(i{l,...,n,oo} fc— rj+1 

Putting these expressions together, we deduce that 



deg(E) = deg{ 8.) — f — r, 
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where we recall again that we have defined 

n 

f = 'y^^rk{Res{9,Pj)). 

Using formula ()4.74|1 we get 

(4.76) deg{S.) = deg{E). 

□ 



CHAPTER 5 



The inverse transform 

In this chapter we construct the inverse of the transform introduced 
in the previous chapters. In line with the properties of the ordinary 
Fourier transform and its algebraic counterparts, the inverse is defined 
by a formula which only differs from the transform in a sign. 

Recall from Section 13.11 that the transformed flat connection on 
E, = L^H^i^D,) is defined by the L^-orthogonal projection of d — 2;d^A. 
For any parabolic vector bundle with integrable connection (F, , h^) 
on C satisfying the conditions of Section lL2l (i.e. having a finite number 
of simple poles in finite points and a second-order pole at infinity, such 
that the eigenvalues and parabolic weights meet the conditions imposed 
in Theorem 1 1.17j) . one can define the inverse transformed bundle with 
integrable connection (F, l)^, h^) on C by a procedure similar to the 
one defining {E,D,h) starting from {E,D,h): namely, consider the 
deformation 

(5.1) D^ = D^ + zd^A 

of the connection parametrized by z in C minus a finite set, and let F^ 
be the first L^-cohomology of 

F ^%^F ^nl(g)F. 

These vector spaces are of the same dimension and form a smooth vec- 
tor bundle over C minus a finite number of points. The critical points 
are easily seen to be the opposites of the eigenvalues of the second-order 
term of at infinity. The proof goes similarly to the case of the direct 
transform. We also define the Hilbert bundle H over C, the L^-metric 
h and the orthogonal projection fi^ '■ ^ F^ in an analogous manner 
as in Section im Next, let the inverse transformed integrable connec- 
tion be defined by the parallel sections T[z{e^''°~''''^(t>ZQ{C)) 
harmonic section ^ Fzq- Equivalently, denoting by d the triv- 

ial connection with respect to w in the trivial Hilbert bundle the 
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inverse transformed flat connection can be given by the formula 
(5.2) = 7r,(d + 2d0, 

as it can be seen by the argument given in Section ITTl changing signs. 
Finally, we define the inverse transformed metric on the fiber F^o 
again as the L^-norm on C of a -harmonic representative. We can 
now state the 

Theorem 5.1. The inverse transform of N : (E, D, h) v-^ {E, D, h) 
is : {F, , h^) i-^ {F,D^, h^). In different terms, for any bundle 
with integrable connection and harmonic metric {E, D, h) satisfying the 
conditions of Section \l.S\ and the ones imposed in Theorem \l.ll[ there 
exists a canonical Hermitian bundle isomorphism u between E and E 
such that uj*D = D. 

Remark 5.2. As one can check using the transform on the level 
of singularity parameters described in Theorem the assumptions 
(1) and (2) of that theorem are symmetric, in the sense that if they 
are fulfilled by {E,D) than the same is true for {E,D). Therefore, 
the transform ~ can be applied to this latter, so the affirmation of the 
theorem has a meaning. 

Proof. The proof is done in four steps: first, we prove that the 
fibers over G C of and E are canonically isomorphic. Next we 
show the same thing for the other fibers. Then we prove that the 
integrable connections are the same, and finally we establish equality 
of the harmonic metrics and parabolic structures. 

Step 1. Consider the product manifold C x C, and let tti and H2 
be the projection to the first and second factor, respectively. Denote 
by E the pull-back vector bundle tt^E on the product, and define the 
connection D = 7r*D — .^d^; — zd^. Notice that on the fiber C x {,^q} 
this just gives the deformation D^g. Now form the double complex 

where fl^ (respectively denote smooth p-forms (smooth g-forms) 
on C (C); and with differentials di = D^, d2 = d — zd^A. Remark that 
these differentials commute (in the graded sense), and their sum is just 
D. The desired isomorphism will result from the study of the spectral 
sequences corresponding to the two different filtrations of this double 
complex. 
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Namely, consider the first filtration of T): the first page of the 
corresponding spectral sequence E*'* is 



(5.3) ni®E 

df 

n^^^E 

E 



where stands for the operator induced by d2. More precisely, this 
operator is obtained as follows. Consider for example a local section of 
E: if -B(^o) is an open ball in C, it is given by cohomology classes [(f)^] 
in L^H^{D^) changing smoothly with ^ G -B(Co)- Here 0j = (p^iz) is a 
global L^-section of E over C, in the kernel of In particular, D^^cj)^ = 
0, and since the two differentials commute, we then have D^od24>^ = 0. 
In other words, d205 is a di-closed section of D^^^ on Cxi?(^o); hence we 
may consider its cohomology class with respect to di, and letting ^ vary 
these give a section oi Q-^ ® E over B{^q), which is by definition djf^^]. 
Now remark that under the isomorphism of the first L^-cohomology 
of the elliptic complex ()2.24|) and the space of ^^-harmonic sections 
given in Theorem 12. 2 H this induced connection goes over to D defined 
in Section 13. H in other words, under these identifications d^ = D. 
Moreover, the connection D also satisfies the conditions of Section [T!^ 
Therefore, by Chapter |21 and Section IT^ the L^-co homology of D = Dq 
is non-trivial only in degree 1, and so when passing to the second page 
E*'* of the spectral sequence, we obtain by definition El'^ = Eq and all 
other terms equal to 0. In particular, the spectral sequence collapses 
at the second page, and the total cohomology of the double complex 
is canonically isomorphic to Eq in degree 2 and vanishes in all other 
degrees. 

Consider now the second filtration of D: in order to form the first 
page E*'* of the corresponding spectral sequence, we first take cohomol- 
ogy on each column of the double complex with respect to d2 = d — zd^, 
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and so it is equal to 



(5.4) 



d" d" 
L^{C, E)e'^ L^{C, ® E)e'^ L^{C, ® E)e'^. 



In words: for example, the (0, 0)-term consists of L^-sections of E on 
C X C which are a product of an arbitrary section of ii^ on C and the 
function e^^. Now notice that the only possibility for a non-zero section 
of this form to be in on {z} x C is for z = 0. Put another way, 
the cohomology along the slices {z} x C vanishes for all z 0. Hence 
we may replace the double complex T> without changing the spectral 
sequence associated with this filtration (and so the total cohomology), 
by the double complex (germ D) whose component of bidegree (p, q) 
is the space of L^-forms with values in E of bidegree (p, q) defined 
on Vij X C for any neighborhood of e C, and where we identify 
such forms if they coincide on an arbitrary neighborhood of {0} x C. 
Of course, the differentials of this new double complex are induced by 
those of D in a trivial way. 

The idea now is to consider the spectral sequence (germ E) cor- 
responding to the first filtration of (germ D): by the general theory 
of spectral sequences, this will then abut to the total cohomology of 
(germ D), which is, as we saw in the previous paragraph, equal to that 
of D, that is to Eq. First trivialize E in Vq'. this just means that we 
identify the total space of the bundle with Vq x Eq. Since the vector 
bundle on C x C is just the pull-back of E on C, this also gives an 
identification of — >• V"o x C with the trivial bundle {Vq x C) x Eq. 
Without loss of generality we may assume ^ P, so for VJj sufficiently 
small the connection D can also be taken by a gauge transformation 
g to the trivial one. Thus in this trivialisation and gauge we have 
di = d — ^d^; where d stands for the trivial connection in the z direc- 
tion. The first page (germ E)*'* is then equal to the cohomology spaces 
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with respect to this differential: 

(5.5) ni^L%C,Eo)e'^ 

df 

0^(g)L2(C,£;o)e"« 
df 

L2(C,Eo)e^« 0, 

where, as before, L^(C, £'o)e''^ stands to denote functions with values 
in Eq of the form 7(^)e^^ but this time onVoXC, and the condition 
now only implies that 7 must be rapidly decreasing as |^| 00. The 
next remark is that since we only have terms in degree p = 0, the 
differential induced by da is just itself: indeed, it is by definition d2 
modulo the image of di, but this latter vanishes for p = 0. Thus, in 
order to obtain the second page (germ E)*'* of the spectral sequence, 
wc take cohomology with respect to d2 = d — 2;d,^A. Notice that via the 
gauge transformation e"^^ the whole picture can be rephrased as the 
de Rham cohomology of rapidly decreasing sections cr on C with values 
in Eq, which is similar to compactly supported de Rham cohomology. 
Therefore in (germ E)*'* all elements except for the one corresponding 
to bidegree (0, 2) vanish, and this latter is canonically isomorphic to 
Eq via mapping an element 70 G Eq into the germ 

l7oX(Oe^'deAde], 

where x is a fixed exponentially decreasing bump-function on C with 
integral (with respect to the volume form |d^|^) equal to 1, and [.] 
stands to denote the de Rham cohomology class of exponentially de- 
creasing forms on C with values in Eq. Conversely, for an arbitrary class 
[7o(^)e^'^d^ A d,^] where 7o(06^^ is a germ of exponentially decreasing 
functions on C with values in Eq and in the kernel of di = (d — ^d^;), 
we may define 

[7o(Oe^'de AdC] ^evah^o I l,{i)e''m' 

Jc 

(5.6) = / 7o(oidere^o 

and verify readily that it is independent of the section representing a 
cohomology class. The fact that Eq and £'0 are canonically isomorphic 
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now follows from the fact that they are both canonically isomorphic to 
(different gradings of) the total cohomology of the double complex D. 
Step 2. The first thing to do is to describe explicitly the isomor- 



phism obtained above. Let 



5o 



be an element in Eq-. it is a class in 



the cohomology space Ej' in the spectral sequence corresponding to 
the first filtration of T). Hence it is represented by a (1, l)-form 6o{z] ^) 
over C X C such that 

(1) {D-^dzA)Uz;O = 

(2) (d — zd^AySa{z] C,) = 0; in other words, there exists a (0,2)- 
form 7o(z;^) over C x C satisfying 

Concatenating the map 

^7o(2;;0 

with an analog of ()5.(jj] . namely 



(5.7) 



[yo{z;0]^ evah^o / 70(2; 



we get the canonical isomorphism 



LOo : 



60 



5o = evah=o / 70(2; 



between £'0 and Eq provided by the previous step. 

Fix now an arbitrary Zq & C, and consider the double complex 
having the same {p, g)-components as 2), but with differentials 
di = D^, dj = d — (z — Zo)d'CA. In order to obtain the components of 
the first page (E^J*'* of the spectral sequence corresponding to the first 
filtration of D^^, we need to take cohomology with respect to di, hence 
these will be the same as those of D in ()5.3p . and the differentials will 
be induced by d2. Now since Zq is a constant, observe that for any local 
section (f)^{z) G Ker^^ in ^ of harmonic sections over C the relation 



l»0e = [(d -{z- Zo)d^A)(j)i] = [(d - zd^A)(j)^] + Zod^ A 0e - ^.ovv^c;. 



holds, where D^g is the deformation of D introduced in ()5.H) . To get 
the second page of the spectral sequence, we take cohomology with 
respect to d^ = D^oi and therefore if Zq does not belong to the set of 
opposites of eigenvalues of the leading term of D then this is a finite- 
dimensional space, equal by definition to E^^ . Notice that by the results 



5. THE INVERSE TRANSFORM 



119 



of Subsection 14.51 the set of Zq where this does not hold is exactly P, 
the set of singularities (at finite points) of E. Similarly, the second 
filtration of D^o gives rise to a spectral sequence whose first page is 
(analogously to ()5.4|) ) 





d" d* 

Hence the only fiber {z} x C over which these spaces are non-trivial 
is for z = Zq, so we may consider the double complex (germ D^^) 
whose components are germs of forms in a neighborhood Vz„ x C oi 
the fiber {zq} x C, two such germs being identified if they coincide 
in any such neighborhood, and with differentials coming from those 
of ^D^g. As before, the spectral sequences corresponding to the second 
filtration of these double complexes agree starting from the first page, 
so in particular their total cohomologies are the same. Now, we pass 
back again to the first filtration and compute the spectral sequence of 
(germ D^^) with respect to it: in a convenient trivialisation of in 
and gauge, the first page is equal to 

(5.8) ni0L^{C,Eje^^ 

dl 

ni®L^{C,Eje^^ 

L2(C,E,Je^« 0, 

with differentials given by d2 = d — (2; — Zo)d,^A. As in step 1, the 
second page therefore contains only one non- vanishing component: the 
one corresponding to bidegree (0,2), and it is canonically isomorphic 
to the vector space E^^; this proves that the vector spaces E^^ and 
E^o are canonically isomorphic to each other. Again, an element 6^^ 

of Ezo is represented by a (1, l)-form S^oiz;^) over C x C satisfying 
{d — {z — Z(j)dC,y6zg{z; ^) = 0, i.e. there exists a (0,2)-form 'j^^^z;^) 
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over C X C with 

and an explicit way of describing the obtained isomorphism is given by 



(5.9) 



evaL 



Step 3. By the previous points, we have that the bundle E is isomor- 
phic to E via the isomorphisms a;,. Now we prove that the integrable 
connection D on E is carried into D on E hy this bundle isomorphism: 
for this, it is clearly sufficient to prove that any local parallel section 
for D is carried into a parallel section for D. For simphcity, we shall 
consider a local section near w — 0, but we will see that the proof does 
not use this. 

For this purpose, we need to work on the product C x C x C, 
parametrized by (z,^,w); we keep on writing the variable w in lower 
index. We shall consider E as being a bundle over this space by pull- 



back, without writing it out explicitly. Let 



be a i)-parallel local 



section of As in Step 2, such a section is represented by giving a 
global (1, l)-form Sw{z; ^) oi E on C x C for each w in a neighborhood 
Vo of e C, verifying 

(1) D^gS^{z; ^) = for all fixed Wq G Vq and E C 

(2) (da -{z- Wo)d^AyL{z; = for all fixed Wo e K 

(3) the section in w of the cohomology classes of the above ele- 
ments is i)-parallel. 

By Hodge theory, we may suppose that 6w„{z;^q) is the D^g-harmonic 



representative of 
representative of 



WQ |Cx{4o} 



and also that S^oiz; ^) is the Z)^p-harmonic 



This way we rephrase the above conditions as 



(1) for all fixed Wq G Vq and e C its restriction to the fiber 
C X {^o} X {wo} is in E^^, that is ^iJn^oiziCo) = 

(2) for all fixed Wq G Vq the global section in ^ of the above ele- 
ments of E^ is in E^^, in different terms fl,„Swo{z', — ^ 

(3) and for all Wq G Vq, TT^o{d + ^dwA)5^{z; C)\w=wo = 0. 
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As before, © means that for all w G Vq there exists 7^,(2;; ^) G r(C x 
C, ® E) such that 

(5.10) DaM; = (d - - w)d^A)L{z; 0; 

and by Hodge theory, such a section can be defined by the formula 

(5.11) j^z; = ^..^^(d -{z- w)d^A)Liz; 0, 

where is the Green's operator of ^1^^. (Here we used that is 
diagonal with respect to the decomposition Q^, © fi^, a standard con- 
sequence of the fact that ^^^^ is diagonal with respect to the same 
decomposition, which comes immediately from harmonicity of the met- 
ric.) Now by ()5.9|) and ()5.10|) we have 

D6{w)\ 

\ C / \ w — Wo 

W — Wq 

= / ^dz A7„„(u;o;0 
Jc 

+ (d- {w„ - Wo)d^A)(5„„(wo;0 +d7„(w^o;OU=t"o 

(remember that d stands for the trivial connection with respect to w in 
the trivial Hilbert bundle H, whereas d is the trivial connection with 
respect to ^ in the trivial Hilbert bundle H). The integral of the middle 
term in this last formula vanishes by Stokes's theorem. Furthermore, 
on the diagonal z = w of C x C we have dz = dw, so we are left with 

/ (d + edu7A)7„„(wn;0- 
Jc 

Applying to this quantity ()5.1H) and the commutation relations 

(5.12) [d + ^du;A, d - (z - u;)d^A] = [d + ^d'u;A, D^] = 
we obtain 

(5.13) / G,D;{d - (^ - w)d^A){d + ^dwA)Lo{wo; 0- 
Jc 

Consider now condition above: denoting by and ^* the positive 
and negative Dirac operators of the deformation D + wdC,, moreover 
by G^ the Green's operator of ^* ^u., it can be rewritten as 

{id-hGj:){d+^dwA)Liz-o = o. 
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In order to finish the proof, it is sufficient to prove the commutation 
relation 

(5.14) [d + edwAjj = 0. 

Indeed, this then imphes 

[d + ^dwA, = [d + ^dwA, G,,] = 0, 

and interchanging d + ^dwA turn by turn with G^^ and using 
each time condition Q, we get 

(d + ^dwA)Lo{wo; = (d + edwA)(Id - h„G,,J*^jL„{wo; 

= (Id - ^.^^.^^^(d + ^dwA)L,Xwo; 

= 0, 

and so ()5.13p is equal to 0; but on the other hand it is just the expression 
for DS{w)\ia=wo, this shows that 6{w) is parallel in Wq. There 
remains to show ()5.14p : recall that = — D*^, with 

= T:^{d- {z - w)d^). 

Now the first relation in ()5.12|) and tt^ = (Id — ^^G^^^) combined with 
the second relation in ()5.12j) show that 

[d + ^dwA, D.^] = 0, 

and we conclude. 

Step 4. Here we wish to show that the double transformed metric h 
is equal to h. In Step 3 we have already shown that the fiat connections 
D and D agree. On the other hand, using the results of Section 14.21 
twice, we see that h is a harmonic metric for D = D. Therefore by 
uniqueness (up to a constant) of the harmonic metric corresponding to 
an integrable connection, we get that h = h. 

An equivalent way of deducing the same assertion would be as fol- 
lows: using again the already proved equality D = D and uniqueness of 
the harmonic metric, we will be done if we can prove that the unitary 
part /)+ (with respect to h) of the double transformed fiat connection 
D is equal to D^, the unitary part of D with respect to h. This can 
be done in a completely analogous way to Steps 1-3. The changes we 
have to make are the following: consider the double complex "Df^ hav- 
ing the same components as D^^,, but with differentials di = and 
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d2 = d — z/2d^ A —z/2d^/\. One establishes that these operators com- 
mute, therefore 2)^ really forms a double complex. We then see from 
()4.14|1 that the deformation 



induced from the differential 

d - i(z - w)d^ A - w)dlA 

is the natural deformation of the Higgs-bundle structure induced by 
the deformation ID^. In concrete terms, they are related by the gauge 
transformation g"^. Therefore the double transformed bundle is 
isomorphic to g^^gE = E, and the unitary connection 



TTu, o ( d + ^dw A +^dwA 



is identified to D'^ just as D with D, using the commutation relations 

0, 



£ £ 1 1 

d + |du7 A +|dwA, d- -{z- w)d^ A --(z - z)d^A 



d + ^dw A+^dwA,Df 







instead of ()5.12p . which together imply the analog 





d + -dw A +-dwA, 
2 2 



of ()5.14j) for the deformed Dirac operator 

This then allows us to conclude equality of the unitary connections. 

Since the Hermitian bundles {E, h) and {E, h) coincide, so do the 
flags of their parabolic structures in the singular points; as well as the 
parabolic weights, because they are supposed to be between and 1, 
and there is a unique way of choosing holomorphic sections with such 
behaviors. □ 
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